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Zusammenfassung

Das Ziel der hier vorgestellten Arbeit ist die Untersuchung von kapillardominierten Trans-
portprozessen in porosen Materialien und kleinen, zylindrischen Rohren. Von Relevanz ist dies
insbesondere fiir die raumfahrtbezogene Anwendung von pordsen Metallgeweben (héufig Dutch
Twilled Weaves) in sogenannten Propellant Management Devices (PMDs) fiir Treibstofftanks.
So gilt es, bei der Konstruktion von Raketentanks fiir fliilssige Treibstoffe sicherzustellen, dass
in einer Mikrogravitationsumgebung kein Gas in die Treibstoffleitungen gelangt. Diese Aufgabe
tibernehmen die PMDs héufig dadurch, dass sie den Blasendurchbruchsdruck (bubble point)

von porosen Strukturen nutzen.

Der erste Teil der Arbeit beschaftigt sich mit einer grundlegenden Diskussion der theoretisch-
en Modellierung kapillarer Stromungen. Zunachst wird eine Einfiihrung in relevante Grund-
gleichungen, wie beispielsweise die integrale Bilanz des Impulses, gegeben. Die im néchsten
Schritt vereinfachte Impulsbilanz stellt dann die Basis fiir die weiteren mathematischen Be-
trachtungen dar, die im Folgenden um sogenannte Pore Structure Parameters erganzt werden,
um die kapillaren Stromungen in porosen Materialien umfassend beschreiben zu kénnen. Durch
die Verwendung der Parameter statischer Radius (Beschreibung des Kapillardrucks), Perme-
abilitdt (Beschreibung des viskosen Druckverlustes in der pordsen Struktur) sowie Porositéit
(Beschreibung des Verhéltnisses von Porenvolumen zu Gesamtvolumen) lasst sich eine Impuls-
bilanz fiir porose Materialien aufstellen. Es zeigt sich, dass die Gleichungen fiir porose Mate-
rialien bzw. fiir zylindrische Rohre ahnlich sind und somit eine Analogie zwischen kapillaren
Transportprozessen in zylindrischen Rohren und porésen Strukturen existiert. Folglich lassen
sich analytische Losungen, die urspriinglich nur fiir Stromungen in Rohren entwickelt wurden,

auch fiir die Beschreibung von Transportprozessen in porosen Strukturen verwenden.

Unter Anwendung des Buckingham Pi Theorems werden in einer detaillierten Dimensionsana-
lyse die verschiedenen Skalierungsansatze vorgestellt und diskutiert. Anhand eines mathema-
tischen Vergleiches der verschiedenen analytischen Losungen fiir einen tragheits- bzw. viskos

dominierten Transport kann eruiert werden, welche Krafte zu welchem Zeitpunkt des Trans-
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portprozesses relevant sind. Die Erkenntnis, welche Terme beriicksichtigt werden miissen, ist
eine wichtige Voraussetzung filir eine prazise Beschreibung des Transportprozesses. Ein Ver-
gleich des Modells mit experimentellen Daten aus der fachspezifischen Literatur konnte hierbei

eine gute Ubereinstimmung nachweisen.

Bei Transportprozessen, die unter Einfluss von Gravitation stattfinden, ist es dariiber hinaus
jedoch notwendig, eben diesen Parameter in die Modellierung mit einzubeziehen. Haufig wurde
dies aufgrund fehlender analytischer Losungen vernachlassigt und stattdessen auf bestehende,
vereinfachte Losungen, wie beispielsweise die Lucas-Washburn Gleichung, zuriickgegriffen. Durch
die mathematische Umformung einer impliziten t(h) Lsung von Washburn in eine explizite h(t)
Losung soll fiir diesen Bereich nun eine neue, prazisere Losung vorgestellt werden. Ein Ver-
gleich beider Gleichungen konnte hier zeigen, fiir welche Falle die klassische Lucas-Washburn
Losung zulassig ist und wo sie an ihre Grenzen stofit: So wird deutlich, dass bei der Anwendung
der herkommlichen Gleichung bei einer Steighthe von unter 10 % der Gleichgewichtshéhe (der
maximalen Steighthe) ein Fehler von héchstens 3.5 % auftreten kann. Wird diese Hohe jedoch
tiberschritten, nimmt der Fehler erheblich zu und es empfiehlt sich, auf die neue h(t) Losung

zurlickzugreifen.

Die mit einem kommerziellen CFD tool erstellten makroskopischen Simulationen zeigen im Ver-
gleich eine sehr gute Ubereinstimmung mit analytischen Losungen. Somit kann die Anwend-
barkeit dieser Modelle auf die untersuchten Prozesse bestatigt werden. Anschlieend wird auf
zwei Sonderfalle von kapillaren Stromungen eingegangen; die Gegeniiberstellung von mathema-
tischem Modell und Experimentdaten steht hierbei im Mittelpunkt der Analyse. Untersucht
wurde zunéchst der Einfluss von Verdampfung auf den kapillaren Anstieg in porosen Struk-
turen. Anhand von Experimenten konnte gezeigt werden, dass Verdampfung insbesondere bei
sehr diinnen porosen Materialien, wie beispielsweise Metallgeweben, eine starke Verlangsamung
des Prozesses sowie eine Reduktion der maximal erreichbaren Hohe bewirkt. Dieses kann
zusatzlich durch ein mathematisches Modell gestiitzt werden, welches mit den Experiment-
daten eine ausreichende Ubereinstimmung aufweist (20 % Abweichung). Der zweite Sonderfall
bezieht sich auf den radialen Fliissigkeitstransport, wie er beispielsweise bei der Ausbreitung
eines Tropfens in einem Gewebe auftritt - im Hinblick auf die Untersuchung soll hier jedoch
von der Speisung durch ein unendlich grofles Fliissigkeitsreservoir ausgegangen werden. Die
mathematische Beschreibung erlaubt es, analytische Losungen fiir die aufgestellte Differential-
gleichung zu entwickeln, die fiir den Fall des radialen Transports von Fliissigkeit nach auflen

eine gute Ubereinstimmung mit den erzielten Experimentdaten zeigen.



Die Arbeit schlieffit mit einem Ausblick auf anwendungsbezogene Problemstellungen, die eine
weitergehende Beschéftigung mit dieser Thematik erlauben. In vielen Raketenoberstufen wird
Wasserstoff und Sauerstoff in tiefkalter (kryogener), fliissiger Form als Treibstoff eingesetzt.
Bei der Entwicklung von PMDs fiir eben diese Anwendungen miissen auch kapillare Transport-
prozesse in porosen Materialien beriicksichtigt werden. Wahrend im Rahmen der hier vorgestell-
ten Untersuchung nur auf isotherme Stromungen eingegangen werden konnte und thermale As-
pekte vernachlassigt wurden, besteht ein deutlicher Bedarf an weiteren mathematischen oder
numerischen Modellen sowie experimentellen Daten fiir nicht-isotherme Stromungen. In Bezug
auf die Raumfahrttechnik und die Konstruktion von Tanks und PMDs gilt dies insbesondere fiir
den kryogenen Bereich. Ein weiterer Schritt in diese Richtung wird derzeit am ZARM Institut

(Universitdt Bremen) in Anbindung an das Graduiertenkolleg PoreNet unternommen.
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Chapter 1

Introduction

Liquid flows driven by capillary forces represent an important field of research as many ap-
plications in science, industry and daily life rely on this process. For example in technical
applications such as heat pipes or spacecraft Propellant Management Devices (PMDs) capil-
larity is of high importance. This also applies for average consumer products like marker pens,
candle wicks as well as sponges. In nature capillary transport can be found in plants, where
together with the osmotic pressure it facilitates the transport of water from the roots to the
tips, or in the field of hydrology where the movement of groundwater is influenced by capillary
transport as well. Typically, this transport occurs in complex shaped structures. However,
many flow or layout calculations adopt models for cylindrical tubes or simplified porous mate-
rials to match the flow in arbitrary shaped capillaries. Despite their reduction in complexity,
macroscopic approaches to capillary transport have been very successful in describing many of

the presented problems.

A large amount of literature is devoted to capillary transport but there is still a need for
fundamental research to fully understand the processes. Due to the described relevance for
technical applications experimental data, models, and numerical simulations are of importance
to engineers designing heat pipe systems or PMDs for instance. Besides these applications,
capillary transport processes are also a very interesting subject for fundamental research in a
sense of pure science. By analytical means theoretical modeling or dimensionless scaling can be
conducted - e.g. based on the momentum balance of a fluid inside a porous structure - and then
compared to experimental data for validation purposes. These processes also provide good test
cases for validation of CFD tools to enable a deeper insight into the fluid mechanics behind

capillary dominated problems.
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2R

lg h(t)

Figure 1.1: Liquid rise in a capillary tube of inner radius R. Gravity vector g is parallel to the

tube. The height of the liquid column is a function of time and denoted h(t).

1.1 Applications of capillary transport

As previously mentioned, there are numerous applications of capillary transport phenomena in
engineering, daily life and science. Two technical applications shall be introduced briefly in the
following section. The first one “Propellant Management Devices” describes the main motiva-
tion of this work, while the second one “Heat Pipes” concerns a system of major importance

to thermal management of spacecraft .

1.1.1 Propellant Management Devices

In many spacecrafts and rockets liquid propellants are used as they typically provide a much
higher specific impulse I, than solid propellants. The specific impulse can be regarded as
change in momentum per mass of the propellant that is used. Consequently, a propulsion
system with a higher I, is more efficient and will need less propellant to obtain the same Av
(change in velocity). For many cases the increased complexity and costs of liquid propulsion
systems are more than balanced by their higher specific impulse.

However, the main problem in liquid spacecraft propellant tanks in orbit is the lack of gravity
to define “up” and “down”. When operating within microgravity, it can become difficult to
separate the liquid propellant from the pressurant gas in the tanks. Despite this, a constant
and gas free delivery of propellant to the engines has to be ensured during all acceleration

conditions of the mission. To handle this problem, Propellant Management Devices (PMDs)
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Pick-up
(I/F to Tank)

Gallery (8x)

Central Screen

Intermediate
Screen Adapter 1
(4 x)

Intermediate
Screen Adapter 2
(4x)

Sump Assembly
(incl. 2 Screen Adapters)

Sump Bottom
(I/F to Tank Shell)

Propellant Port

Figure 1.2: Total communication type Propellant Management Device (PMD) of the Auto-

mated Transfer Vehicle [8] including galleries with screen windows (slightly modified).

are utilized. These often feature a fine porous structure - like a metallic weave - which allows
liquid to permeate but blocks out gas below a critical differential pressure. This phenomenon
is known as the bubble point effect. Propellant Management Devices are designed to i) ensure
a constant connection between propellant and tank outlet (communication type) or ii) confine
the propellant at a designated location (control type) [1, 27, 82]. Fig. 1.2 shows a total com-
munication type PMD including galleries with porous screen windows. These screens are made
of metal weave and form passive surface tension devices. As mentioned they allow propellant
to penetrate but prevent gas from entering below a critical bubble point pressure. This mech-
anism requires the weave to be always saturated with propellant. If a screen is partially dry,
wicking can be regarded as a self healing mechanism to restore saturation. Here, the wicking
performance strongly depends on the degree of evaporation from the porous screen. Especially
for cases where the propellants are cryogenic liquids such as hydrogen and oxygen (as displayed
in Fig. 1.3), the PMD may fall dry during coast phases, and require appropriate refilling and
rewetting of the structure during subsequent chill down. This is the motivation for chapter 7

“Linear capillary rise and the effect of evaporation”.
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Tank shell

Hole in tank shell

Tank outlet

internal structures

Venting hole

Lower

Tank outlet apertures

Figure 1.3: Draft of the proposed Propellant Management Device for the new, restartable upper
stage ESC-B for the European launcher Ariane 5 [7] (slightly modified).

Transport processes in porous materials are also of great interest to determine material prop-
erties which affect relevant parameters including cross flow pressure and bubble point pressure.
A better understanding of the occurring processes will enable engineers to identify better struc-
tures for usage in PMDs. These structures should provide several characteristics, e.g. have a
high bubble point, however feature a minimal resistance against fluid flow (= a high perme-

ability).

1.1.2 Heat Pipes

Heat pipes are passive devices designed to effectively facilitate the transport of heat from a hot
heat source to a colder heat sink [103]. To transport comparably large amounts of heat they
only require a fairly low temperature difference between the hot and cold interfaces. As shown
in Fig. 1.4, a heat pipe evaporates liquid at its hot end. The resulting vapor is transported
through the center cavity and condensates at the cold end, which provides heat transport due

to the latent heat of phase change. The liquid however must return back to the hot end to
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close the loop. For this process, porous materials or structured surfaces are used which - due to
capillary forces - transport the liquid back to the hot end to restore saturation (see Fig. 1.5).
The advantages of heat pipes in comparison to conventional heat transport systems are not
only the passivity and robustness. Due to their low thermal resistance they provide very high
heat fluxes [W/m?| based on their cross section. For a typical device length this results in a
smaller system diameter and mass when compared to a block of copper for example. Working
temperatures of heat pipes range from a few (5) Kelvin up to several thousand (2200) Kelvin.
The choice of the working fluid strongly depends on the operating temperature range [103].

The following list provides a brief, incomplete overview:

e Cryogenic temperatures down to a few K: liquified gases like e.g. Helium (He), Hydrogen

(Hs), Nitrogen (Ng).
e Cool temperatures below 250 K: Methane (CHy), Ethane (CyHg).
e Moderate temperatures up to 500 K: Freon, Ammonia (NHj), Water (H5O).

e High temperatures: molten metals like Mercury (Hg), Potassium (K), Sodium (Na),
Lithium (Li), Silver (Ag).

Due to their application in low temperature engineering, spacecraft thermal control, and elec-
tronic device cooling systems (see Fig. 1.5) - just to mention a few - heat pipes can probably
be considered to be the most important devices featuring porous structures with capillary

transport.

1.2 Embedment of this work in the frame of PoreNet

PoreNet is a Research Training Group (Graduiertenkolleg) funded by the German Research
Foundation DFG. Several institutes from different disciplines participate in a collaborative
and interdisciplinary effort to enhance the understanding of Nonmetallic Porous Structures for
Physical-Chemical Functions. The aim of the work conducted in the Multiphase Flow Group
at the ZARM is to investigate capillary dominated flows in porous materials to improve the
comprehension and knowledge of the occurring processes and effects. This is conducted with a
special focus on topics of relevance for the application of capillary flows in Propellant Manage-
ment Devices as introduced earlier in this chapter. The underlying rationale is that an enhanced

understanding of these topics will allow to design enhanced materials for these applications -
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Figure 1.4: Schematic drawing of a heat pipe. Liquid is evaporated at its hot end (left) and
condensed at the cold end (right). Capillary transport of liquid from cold to hot end.

which can be realized only in a design, production and testing loop in close cooperation with
the other participating institutes. This present work is part of the first generation of doctorates
in PoreNet and seeks to build the theoretical and experimental foundation concerning capillary
flows in porous media for the works to follow. Relevant pore structure parameters and analogies
to classic cylindrical capillaries are discussed in terms of analytical approaches and experiments

as will be explicated in the next section.

1.3 Questions and aims of this work

The first part of this study is dedicated to a fundamental discussion of capillary flows. The aim
is to enhance the understanding as well as the classification of capillary flows and the dominant
forces by an analytical approach based on the governing equations. In chapter two of this
work, the current “state of the art” of capillary driven flow is discussed and the main theoretical
models, pore structure parameters, analogies and governing equations are introduced. The third
chapter deals with a dimensionless scaling of the equation of motion. By this investigation the
fundamental physics can be examined. Furthermore, the process of capillary dominated flow
can be understood with a deeper insight than the dimensional consideration would allow. It
also allows the classification of the rise process into different time stages under the impact of
different corresponding forces. Chapter four investigates the transition from inertia dominated
flow stage to the viscous stage during capillary rise. This helps to identify a priori the dominant

forces that govern the flow. In the fifth chapter, analytical solutions including the gravity term,
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Figure 1.5: Cross section of a heat pipe used for cooling computer processors. Capillary trans-

port is obtained by application of a grooved surface and copper gauze [108].

based on the implicit Washburn equation, are introduced. The discussion of the results allows
to understand and predict capillary flows for an extended range of time. Some numerical
simulations (CFD) and a macroscopic model of capillary rise is presented in the sixth chapter.
The second part of this work investigates special cases of relevance to applications in spaceflight.
The aim is to conduct fundamental research and to develop verified mathematical models that
enable engineers to design enhanced PMDs. In chapter seven the linear capillary rise in thin,
porous, metallic structures and glass filter frits is investigated. Also the effect of evaporation
on capillary rise is determined. The interest arises particularly due to the actual development
of a cryogenic, restartable upper stage (ESC-B) for the European launcher Ariane 5 (see Fig.
1.3). The eighth chapter discusses radial capillary transport in porous structures. This is in
contrast to the previous chapters which all investigate linear transport. However, similar to the
previous chapters a mathematical model is derived to describe the flow. An experimental setup
for outward wicking is used to validate the analytical model. Thus, one is able to determine
the validity of the derived solution and to discuss the assumptions made during the derivation

of the model.
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Chapter 2

Theory of capillary dominated flows -

State of the art

2.1 Literature review

2.1.1 Capillary rise

Due to the numerous applications of capillary transport - as described in the previous chapter -
there exist many publications dealing with this problem, the mathematical description as well
as the physical explanation. Since several hundred years, researchers (e.g. in 1712 Taylor [100],
1712 Hauksbee [42], 1717 Jurin [49], 1805 Young [111], 1806 Laplace [25] or 1908 Ostwald [76])
investigate capillary rise and try to develop equations for the maximum reachable height and
relations between height and elapsed time. In 1918 Lucas [61] and 1921 Washburn [104] provide
the first analytical explanation for the observed capillary rise velocity. They consider a flow
regime where the influences of inertia and gravity can be neglected. By omitting some terms
of the momentum balance, they derive an analytical solution providing the meniscus height as
a function of time. Comparison of the predicted values with experimental results shows good
agreement, however it also points out the limitations of the model. Thus, in following publi-
cations, many researchers tried to add missing or neglected terms to the momentum balance
to extend the validity of the derived solutions, or otherwise to determine the impact of the
neglected terms (e.g. in 1922 Rideal [81], in 1923 Bosanquet [11], and in recent years Siebold et
al. [89], Hamraoui and Nylander [41], and Lavi et al. [55]). Ichikawa and Satoda [47] describe

the interface dynamics of capillary flow and derive dimensionless variables.
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2.1.1.1 New experimental techniques and numerical approaches

Due to the advances in the power of computers in the 1960s it has become possible to numerically
solve differential equations (e.g. by a Runge-Kutta algorithm, 1971 Szekely et al. [99]) or to
conduct simulations (CFD) of capillary dominated processes. The improving measurement
technology available for the experiments has triggered several new approaches to investigate
the capillary rise in the very first moments after the contact using high speed cameras (Quéré
[78]). The behavior in microgravity environments is examined by Dreyer et al. [31] and Stange
et al. [96]. Details of the flow field at the meniscus are experimentally investigated using
Micro Particle Image Velocimetry (uPIV) by Nasarek et al. [73]. Influence of a phase change
(condensation, evaporation) at the meniscus in a capillary tube is examined by Ramon and

Oron [80].

2.1.1.2 Flow regimes

Based on the momentum equation, Stange [95, 96] claims that the capillary rise process can be
divided into four successive stages with i) an initial & ~ ¢? domain corresponding to the local
acceleration of the liquid, ii) a h ~ t domain related to the convective losses, iii) a h ~ Vit
domain related to viscous dissipation and finally iv) a h ~ 1 — e~U** domain due to the
gravity deceleration. These domains show transitions at specific, characteristic times which
are also addressed by Fries and Dreyer [36]. The inertia dominated flow regime in capillary
tubes is examined previously in depth by Quéré [78] and Quéré et al. [79]. They notice that
oscillations occur if the fluid viscosity is low enough. In contrast, for some cases - mostly very
small capillaries and setups with porous media - the inertial forces can be neglected. In the non-
inertial capillary flow regime many authors, for example Dodge [27], Symons [98] and Washburn
[104], apply a simple model in which the capillary pressure is balanced only by viscous friction
and hydrostatic pressure. Zhmud et al. [112] give a good overview to solutions for different
time regimes and derive short and long time asymptotic solutions. Siebold et al. [89] carry out
capillary rise experiments in glass capillaries and packed powder to investigate the effect of the
dynamic contact angle. Hamraoui and Nylander [41] provide an analytical approach for setups
with a highly dynamic contact angle. Chan et al. [18] provide factors affecting the significance
of gravity on infiltration of a liquid into a porous medium. Xue et al. [110] report on dynamic
capillary rise with hydrostatic effects. In a recent paper Chebbi [19] investigates the dynamics

of liquid penetration and compares numerical results with asymptotic solutions.
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2.1.2 Porous media

When a fluid enters a porous medium due to capillary effects, a complex flow field develops
within its pores. This wicking depends on geometrical and physical properties of the structure
(see Fig. 2.1) and the physical properties of the liquid. Many authors have considered this
capillary penetration of liquids into porous media: Van Oss et al. [102], for example, determine
contact angles and pore sizes of porous media by column and thin layer wicking. They demon-
strate that low-surface-energy liquids pre-wet the surface over which they subsequently spread.
Siebold et al. [89] focus on total wetting liquids in powders featuring a zero degree contact
angle at equilibrium. They show that during the rising process the contact angle is higher than
expected and propose a new method to re-calculate the constant terms in the Lucas-Washburn
equation. A review article written by Bachmann et al. [3] describes the available methods to
determine the wetting properties of porous media. Chibowski et al. [20] review existing litera-
ture on formulation and determination of free surface energy. Furthermore, they depict contact
angle problems that also involve spreading liquids. Delker et al. [26] and Lago and Araujo [54]
write about the rise of liquids in columns of glass beads and observe Lucas-Washburn behavior
for small time scales, however deviations for later times. Lockington and Parlange [59] find
an equation for the capillary rise in porous media. Marmur and Cohen [65], [67] characterize
porous media by analyzing the kinetics of capillary penetration. The extraction of pore struc-
ture parameters from capillary rise observations is also described by Fries et al. [39]. When
reviewing actual literature, many recent publications on the topic of porous media can be found.
This depicts the importance of the still unresolved questions. For instance, Lavi et al. [55] aim
to characterize porous media, Masoodi et al. [70] focus on liquid absorption in polymer wicks,

while Siddique et al. [88] investigate capillary rise in deformable porous media.

2.1.2.1 Bundle of capillary tubes approach

Many models describing porous media are based on the assumption that the pore spaces cor-
respond to a “bundle of capillary tubes”. In particular, this includes the previously mentioned
works of Lucas [61] and Washburn [104] who study dynamic invasion of fluid into a cylindrical
capillary or a porous medium. Levine et al. [57, 58] examine the momentum balance and inves-
tigate the departure from Poiseuille flow in the vicinity of an advancing meniscus in a vertical
cylindrical capillary. They investigate capillary rise in tubes as well as in parallel plate chan-
nels. Marmur [65] examines the thermodynamic and kinetic effects on capillary penetration in

systems of limited size. The capillary tube analogy is also the background for an approach that
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aims to improve the consistency with real porous media. Here, the capillary tube is assumed to
be non-uniform - for example sinusoidally constricted (varying in diameter) - which is proposed

by Hemmat and Borhan [44], Staples and Shaffer [97] and Patro et al. [77].

2.1.2.2 Darcy law approach

An alternative to using the capillary tube analogy is to apply the Darcy law to determine the
viscous friction losses. This approach is, for example, used by Symons [98] and Marmur [66].
Further details on the Darcy law are provided in sections 2.2 and 2.5. Symons [98] conducts a
study to determine the magnitude of wicking rates in various metallic screens, including the one
also investigated in chapter 7 of this work: Dutch Twilled Weave (DTW) 200 x 1400. Symons
develops an analytical model for the wicking process which expresses the wicking velocity as a
function of liquid properties and geometrical parameters. His experimental results confirm the
validity of this model. However, due to the complexity of the pore geometry within the screen,
it is necessary to merge several screen geometry parameters into a single constant. Furthermore,

he investigates the effect of evaporation and local heat sources as well.

2.1.2.3 Green and Ampt approach and saturation issues

As recently pointed out by Barry et al. [4], the Green and Ampt [40] model represents a further
alternative to the above models. The Green and Ampt model, which is often used by soil science
researchers, describes the capillary rise or infiltration of water into soils. To describe the viscous
losses they consider - analogous to the Darcy law - the permeability, while the capillary pressure
is described using an empirical, integral constant determined by experiments. Barry et al. [4]
also point out that the models (capillary tube analogy, Darcy approach and Green and Ampt
model) all feature a sharp front between the dry and the wetted porous structure. Therefore,
“the weave’s saturation has only two states, completely saturated (all the pore space is filled
with liquid) or completely unsaturated (all the pore space contains no liquid)” [4]. In all the
models introduced before, the porosity ¢ (volume of pore space divided by total volume) is set
to equal the saturation, which is only the case if the pore space is completely filled with liquid.
The actual saturation depends on the local pressure and can be described using the “capillary
pressure function”, which often features a hysteresis for drainage and imbibition respectively.
This topic is extensively discussed by Dullien [32] page 132 ff. Thus, the actual saturation
must depend on the position within the porous structure (top or bottom when gravity forces

apply) and can be lower than the maximum possible saturation, which is determined by the
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porosity. Barry et al. [4] state: “The non-constant ¢ (author’s note: in this context the liquid
content) in the profile is largely due to the capillary diffusion of liquid in the weave. The
capillary diffusion coefficient in a porous medium can be approximated by a power law, ~ ¢",
with 4 <n <8 [15] (a.n. by Brooks and Corey) (if n — oo, ¢™ approaches a delta function in
which case ¢ becomes uniform and, for imbibition, the two-state saturation model ... ensues).
The parameter n is an empirical, medium-dependent constant. ... the liquid content ¢ is a
function of position x given by Eq. (6) in [16] as x/z; =1 — (¢/¢o)", where x ¢ is the position
of the wetting front and ¢q is the value of ¢ at saturation. Then the average liquid content is
given by (zy¢o)™" [y xdp =n/(n+1).

Though the physical considerations discussed above are correct their actual effect on capillary
transport will vary from case to case. For some setups no influence will be measurable as
demonstrated in the experimental chapters of this work. It can be assumed that at least two
parameters, the uniformity of the pore sizes and the difference in local pressures, will affect
how different the local degrees of saturation will be. For the theoretical models developed in
this work a sharp jump in saturation is assumed at the interface position, while for further
investigations microscopic simulations of the liquid within the pores may reveal further details

on this issue.

2.2 Pore structure parameters and analogies

2.2.1 Porosity

The porosity ¢, relating the volume of pores to the total volume of the medium, is defined by

¢ . VPores (21)

VPorousMedia

For most cases this definition is sufficient but for porous media with closed pores, e.g. like
some foams, one has to distinguish between open porosity and closed porosity [83]. Open
porosity refers to the pore volume which is accessible by a test liquid, while closed porosity will
not influence wicking processes. However, it can be measured using the density of the porous
structure. The porous media investigated in this work, as schematically displayed in Fig. 2.1,

are all considered to have an open porosity only.
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Figure 2.1: a) Vertical capillary rise setup using a generic porous medium. The liquid is wicking
into the pore space formed between solid spheres. b) Scanning electron microscope image of

the actual structure of a filter frit P5 (pore diameter 1 - 1.6 pum; courtesy F. Krause).

2.2.2 The Darcy law and extensions

The Darcy law was developed by H. Darcy in 1856 [24]. By investigating the flow of water

through sand, it was found that the viscous pressure loss can be described by
Vp = ——=uv;, (2.2)

where v, is the volume averaged velocity (superficial velocity). The factor K is a factor de-
pending on the pore geometry and pore size of the structure and is denoted permeability. The
higher the permeability is, the easier the liquid can pass the porous obstacle and the lower the
pressure drop will be. A comparison between the Hagen-Poiseuille law for the viscous loss in
a cylindrical tube (as introduced later in Eq. (2.45)) and the Darcy law Eq. (2.2) shows that

both equations are interchangeable with each other so that

8K
R = —.
¢

The porosity ¢ is included as the laws are defined for the interstitial (Hagen-Poiseuille) and

(2.3)

the superficial velocity (Darcy) respectively. This analogy will be of interest again in the next
section.

The Darcy law, predicting a linear relation between pressure drop and flow velocity, is only
valid for small Reynolds numbers where convective terms can be neglected and viscous terms
dominate. Due to the different pore geometries no specific critical pore Reynolds number can

be provided for the validity of the Darcy law, as they vary between 0.1 and 75 ([32] page 245).
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To account for the convective terms the Forchheimer equation can be applied

A
Tp = %vs + Brpv?. (2.4)

Here (r, which has to be experimentally determined, is denoted “inertia parameter” [32] or
Forchheimer coefficient. There also exist various empirically or theoretically derived equations
like the Ergun equation, the Carman-Kozeny equation or the Brinkman equation [32] which
give K or (r as a function of ¢ and the average particle size if packed spheres are considered.

Due to their limitation to certain porous materials they will not be explicated here.

2.2.3 Static radius

In anticipation of later results the capillary pressure of a cylindrical tube is given by Eq. (2.27)

Ap = _Q%fsw). (2.5)

Considering porous materials the capillary pressure will be depending on the local pore size
and saturation as described in section 2.1.2.3. Despite this physical background the average,

macroscopic capillary pressure can be calculated using Eq. (2.5) with a slight modification

—20cos(0)
Ap = ——. 2.6
p R, (2.6)

Here, R is replaced by the “static radius” R, to emphasize that the porous structure does
not consist of capillary tubes with a specific radius R. One also assumes that the porous
medium features a uniform pore size, which actually applies for few cases only. Despite these
simplifications R, still is a useful parameter to determine the capillary pressure as will be
shown in the experimental chapters of this work. The static radius R, can be calculated from
the maximum obtainable “static” height h.,, see Eq. (5.27)

20 cos(f)

hey = 2.7
/ Rspyg (27)

which can be measured experimentally. Further alternatives which are not applied in this work
are the radii measured by mercury intrusion porosimetry (as proposed by Washburn [105]),
radii determined by optical and tomography methods, or radii obtained from bubble point
considerations. It is important to notice that some of these methods will not provide a single
defined radius, but a pore size distribution that features a maximum and a minimum pore
size. This is of relevance if one seeks to microscopically simulate and understand the occurring

processes.
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With R, the last pore structure parameter of great relevance for this work is introduced. The
three parameters K, R and ¢ will be applied in all mathematical models which are derived
and can be considered a central theme spanning the different chapters (e.g. see section 7.2 ff.

for a discussion of the experimental approaches to determine the parameters).

As previously mentioned an analogy exists between linear capillary transport in a cylindrical
tube and linear capillary transport in a porous structure. The advantage of the capillary tube
is that - in contrast to porous media - all of its “pore structure parameters” are known with
the tube radius R and ¢ = 1. Thus, as the physical processes occurring in both setups are
the same, capillary tubes can be considered to be a good model medium for theoretical and
experimental investigations of the flow in other porous structures. A further analogy can be
found to capillary rise between parallel plates as presented in Eq. (8.29). There also exists an
analogy between radial capillary transport in porous structures as studied in chapter 8 and the

radial capillary between two plates as investigated by Marmur [64], see Fig. 8.18.

2.3 Radial capillary transport

Radial capillary transport, as discussed in chapter 8, is a basic mechanism that works under
variable gravity conditions including weightlessness. Therefore, it is also of interest for space ap-
plications like Propellant Management Devices that ensure an undisturbed fuel supply. Within
these devices, the capillary force is bound to porous, mostly woven structures like stainless steel
weaves. If the liquid fuel comes in point contact with the porous structure for the first time,
it imbibes it radially outward. If due to evaporation a part of the porous structure has fallen

dry, it will be re-wetted by radially inward imbibition.

As previously discussed, linear capillary transport in a porous medium can be modeled by the
capillary bundle theory. Consequently, when it comes to radial capillary transport in a porous
medium, one might assume a radial capillary as done by Marmur [64]. He analytically studies
the radially outward movement of a meniscus between two parallel plates with a liquid supply
hole in the middle. This theory is experimentally supported by Danino and Marmur [23] who
use filter paper for their experiments. The similarity between Marmur’s hydrodynamic model
and the porous model presented here will be explained later on in the discussion. Numerical cal-
culations with Marmur’s model are presented by Hsu and Ashgriz [46]. Smiles [91] investigates
the connection between capillary suction time and filter properties of some papers. Capillary

spot spreading in textile assemblies is examined by Kissa [53] and Kawase et al. [51].
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In contrast to such flat radial geometries Bernet et al. [9] and Neacsu et al. [74, 75] describe
the problem of yarn impregnation. Here the yarn that consist of many single fibers is imbibed
from the outside inwards and can be modeled as an assembly of cylinders. A problem of such
a non-flat geometry is that the advancing meniscus traps the fluid in the core of the cylinder
assembly. This circumstance is also tackled by Standnes [94] and Mason et al. [68] who consider

imbibition of water into oil-wetted cylinders with different aspect ratios.

2.4 Linear flow in a tube: Governing equations

In this section the governing equations describing the dynamics of a liquid with a meniscus
in a capillary tube or a porous medium are derived. At first, the focus is on capillary rise
in cylindrical tubes. The control volume approach as proposed by Levine et al. [58], which
was later extended by Stange [95] and Dreyer [30] is applied. This integral method allows to
balance properties like mass, energy and momentum inside the control volume. Using these
balances - especially the momentum balance - the governing equation of motion can be derived.
However, attention must be given to the appropriate selection of boundary conditions, which
are introduced in the following section. Fig. 2.2 displays a schematic drawing of a capillary tube
in contact with a liquid including the applied control volumes. Here, the fill level is assumed
to be constant during the rise process as the size of the reservoir is much larger than the tube.
In the later part of this section, the applicability of the derived equation to porous media, and

the conversion to a viscous pressure loss described by the Darcy law is given.

2.4.1 Meniscus details

In this section some details of the geometric properties of the liquid meniscus are discussed. As
shown in Fig. 2.2, the liquid height h is defined as the volume effective height, not the absolute
maximum or minimum height of the liquid within a capillary tube. It relates the total volume of
liquid in the tube to a liquid column with radius R, height h and a flat surface. In setups under
the impact of gravity, the surface contour of the meniscus is not a spherical cap, but deformed
due to the hydrostatic pressure difference between upper and lower part of the meniscus. For
this section however, a spherical cap meniscus (valid for small Bond numbers; see Table 3.3
for definition) is assumed, which also implies that both principal radii of curvature (R; and
Ry which lie perpendicular to each other) are identical for the entire surface. Despite these

assumptions, the approach allows to briefly examine the characteristic geometry and lengths of



20 CHAPTER 2. THEORY OF CAPILLARY DOMINATED FLOWS - STATE OF THE ART

2R Tube
I
04 |
h¢ < ﬁ*
Meniscus
he Control
) ‘ // volume Vg
!
surface Sg volume Vi,
AN
\/ |

Figure 2.2: Schematic drawing of the geometry. The control volumes and the control surfaces

are shown.

a meniscus. Fig. 2.3 displays a sketch of a meniscus and the definitions used in this study. As
described by Stange [95] and Dreyer [30] the radius of curvature can be calculated using the

tube radius as well as the contact angle ¢
Ry cos (0) = R. (2.8)

In the following the equation given by Bronstein and Semendjajew [13] for a spherical cap is
applied
R? = hyn(2Ry — hp). (2.9)

and

1
Vi = Ewhm(3R2 + h%) (2.10)

for the spherical cap volume. With Egs. (2.8) and (2.9) and by canceling out an unphysical

solution, the meniscus height can be calculated to be
h R ! tan(6) (2.11)
m = ——— —tan : .
cos (0)

To obtain the position of the volume effective height i (by using h; and h.), one can correlate

the volume of the spherical cap with the corresponding cylinder

1
TR*h; = gwhm(BRQ +h2). (2.12)
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Figure 2.3: Schematic drawing of a liquid meniscus and the relevant lengths. The meniscus

equals a spherical cap for small Bond numbers.

Finally the equations read

1 h2,
hy = Ehm (3 + ﬁ) , (2.13)
and (see Fig. 2.3)
he = hy, — hy. (2.14)

2.4.2 Mass balance

To investigate the flow velocities one can apply an integral approach (White [106]) for the mass

within the control volume V, (see Fig. 2.2)

dm d B )
(E) T ///pdv@ +//p(vrez-n)d5a- (2.15)
sYs v -

This equation can be rewritten more specified to Fig. 2.2 yielding

d h 27 R 27 R
o= |[ [ [oraraoas| + [ [ o@a-irara (2.16)
0O 0 O 0 O

Here, 9, denotes the relative velocity with respect to the control volume boundary. If the
upper boundary is defined to move upwards with the meniscus velocity h, the relative velocity

at the upper boundary is zero. Thus, the balance can be simplified to read
0 = 7mpR*h 4 wpR* (U, - 7). (2.17)

The last term of Eq. (2.17) refers to the inflow at the tube inlet. Therefore, the inflow velocity
at the tube bottom has to be equal to h to satisfy the mass balance (note that 4. - 7 has a

negative algebraic sign due to the orientation of the surface).
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2.4.3 Energy balance

For the energy the integral conservation equation is given by

dFE dQ dW
E_E_ﬁ dt ///( +u+ - —|—gz)pdVa +

//( tut— +gz> p(Trer - 7)dSa, (2.18)

which is a rearranged form of the equation given in [106]. @ denotes heat added to the system
while W denotes work done by the system. u refers to the inner energy of the fluid, which can
be often described by ¢,T. Analogous to the mass balance, the specific form of Eq. (2.18) for

the investigated control volume reads

2

h
~all/
Cdt

0 0

21

R
// ( +u —|— + gz) P(Tper - )7 dr dep. (2.19)
00

2.4.4 Linear momentum balance in z direction

R
U2 P
g—i—u—ir——l—gz prdrdpdz| +
p
0

Finally, the integral approach is applied to the momentum as well [106]. This balance is
probably the most fundamental and important one since it is the basis for many theoretical

approaches to capillary rise

d d Ll
%(mvz)syst = ZF == /// pv.dV, +// PO (Uyer - 1)dSy = Fpy+ Fpi+ Frr+ Fyp. (2.20)
Va

Sa

Here, the boundary conditions (see Fig. 2.4) are given by the following forces where
e [, is the pressure force at the upper boundary
e F,; is the pressure force at the lower boundary (the inlet)
e [, is the viscous friction losses at the tube wall
e [, is the volume force due to gravity.

These forces are discussed in more detail in the following sections. Again, one can provide Eq.
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Figure 2.4: Schematic drawing of the forces and boundary conditions acting on the liquid

column during the capillary rise process.

(2.20) in a more specific form
27

3

By solving the integrals, one obtains

2

R
/phrdr dpdz| + //ph(—h)r drdp = Fp, + Fp + Fr + Fy,. (2.21)
0 00

<+

[wmphh + WR2ph2} — TR%ph? = Fypy + Fy + Fpy + Fy, (2.22)

and

TR2phh = Fpy, + Fy + Ff + Fy. (2.23)

2.4.4.1 Pressure force at upper boundary

The force at the upper boundary can be calculated using the pressure integral over the upper

control surface
2 R 271 R

F,, = —//prdrdgo = —//(pa + Ap)rdrdep. (2.24)
0 0 0 0

Here, in addition to the ambient pressure p,, a pressure drop Ap across the upper liquid surface
has to be considered. It occurs due to the bending of the liquid surface due to capillary action,

and it can be calculated using the Young-Laplace equation

Ap=—0 (i + i) . (2.25)
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Here, Ry and R, (which lies perpendicular to R;) denote the principal radii of the meniscus,
see Fig. 2.3. In case of a capillary tube where gravity is not distorting the spherical cap shape
of the meniscus (for small Bond numbers) the principal radii can be calculated using the tube

radius and the contact angle 0,

R
Ry =Ry = . 2.26
! > cos(6y) (2.26)
Thus, the capillary pressure reads
Ap = —Q%W, (2.27)

For dynamic systems, one has to keep in mind that the contact angle may not have a static
value. Instead it can be shown to depend on the meniscus velocity (the Capillary number Ca).
Empirical equations are available for the dynamic contact angle 0,;; e.g. Jiang et al. [48] (based
on data by Hoffman [45]) give

cos(fy) — cos(6s)
cos(fs) + 1

= — tanh(4.94 Ca%™?), (2.28)

while Bracke et al. [12] find
cos(0y) — cos(6s)

_ 0.5
@1 2 Ca’?. (2.29)

Here, the capillary number is defined as

h
Ca=""2 (2.30)

g

In anticipation of later results the maximum theoretical value of i can be obtained by differ-
entiation of Eq. (4.3), and herein considering 6, as conservative assumption. Thus
ph 2 cos(6y)

Ca=—=p

2.31
. ooR (2.31)

can be used as a rough estimate to calculate the maximum dynamic contact angle using
Eq. (2.28) or Eq. (2.29). However, one should keep in mind that this angle will only de-
velop within the initial moments with high rise velocity. The velocity slows down fairly fast
and assuming a constant contact angle becomes feasible for later time stages.

To take into account the time the meniscus takes to develop out of a flat liquid surface the
approach given by Stange et al. [96] is applied. Here, a factor s(¢) defined by the exponential

function

s(t) =1 — e 46U/t (2.32)
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is used to retard the capillary pressure. t, denotes the reorientation time of a flat liquid surface
in a cylindric tube suddenly exposed to microgravity as described by Siegert et al. [90]. It is
developed from drop tower tests, and defined by

R3
t, =0.413y/ 20 (2.33)
o
Finally, the boundary condition for the upper control surface reads
2 0
F,, = —1R? <pa - s(t)%(dv . (2.34)

2.4.4.2 Pressure force at the lower boundary

Analogous to the upper boundary one can determine the force at the lower boundary by a

pressure integral
2 27 R

R
Fpl://prdrdgo // — py,)rdrdep. (2.35)
00

Again, p, denotes the ambient pressure, which - in the momentum balance - later cancels out
the ambient pressure at the upper boundary. py, refers to the pressure losses in the control
volume V4. This pressure loss is calculated by Levine et al. [58] while a refined calculation is
provided by Stange [95]. Here, the equation by Stange is used, however, without the terms that
are introduced to account for the special experiment design optimized for microgravity. As his
liquid reservoir featured a pinned free surface, a decrease in the reservoir pressure had to be

taken into account with decreasing fill level. Finally the boundary condition at the tube inlet

is given by
23
Fy=7R’ - |= 2 —ph?*| |. 2.
v =TR" | pa 12pRh+ Rh+24,0h (2.36)

Here the individual terms denoted 1 to 3, can be understood as follows:
1. Local acceleration of liquid below the tube
2. Viscous loss below the tube
3. Convective acceleration losses

Stange [95] notes, that the precision of the coefficients (e.g. 11/12) used in Eq. (2.36) should not
be overestimated. This uncertainty originates from the assumptions used for the determination
of py,, which also explain the slight deviations to the coefficients used by Levine et al. [58] who

use 37/36 for term 1 and 7/6 for term 3.
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It is important to mention that Eq. (2.36) is only valid for a rising column. For a falling column
- as it occurs in oscillating cases - the different flow characteristics at the tube inlet have to be
considered. While for the rising column it acts as a sink, a jet or vortex may be emitted for the
falling column. Here, for the descending case, the h? term (term 3) is omitted as discussed and
experimentally validated by Lorenceau et al. [60]. In this work however, most of the analysis
is restricted to cases with a rising column while a falling one is only explicated in chapter 3

where inertia dominated, oscillating cases are discussed.

2.4.4.3 Viscous friction losses at the tube wall

To estimate whether the flow is in the laminar or turbulent regime, the following approach can
be applied: The maximum flow velocity is estimated using the analytical solution by Quéré
[78], taking into account capillary and inertial forces. It gives a rise with constant velocity (see

Eqgs. (4.2) and (4.3) for further detail)

20 cos(0)

— 9.37
vQ R (2.37)

In this example the fluid properties of silicone fluid SF 0.65 (see Table 2.1) are used, as it

features a low viscosity and thus is most critical to reach turbulent flow. The Reynolds number

is calculated based on the tube diameter

th 2Rvqp
wooow

Rep = (2.38)

Applying the conservative assumption of a contact angle of 0° (perfect wetting), one can plot
the Reynolds number as a function of tube radius as displayed in Fig. 2.5. It can be observed,
that the Reynolds number for the range of radii relevant for this work (R < 1 mm) is smaller

than 2300, so that the flow is in the laminar regime.

Table 2.1: Fluid properties of silicone fluid SF 0.65 (kinematic viscosity of 0.65 c¢St) at 25 °C.

Source: product data sheet of Dow Corning.

o mN/m] p [kg/m®] p [mPas]
15.9 758 0.49

For laminar flow the viscous pressure losses in a cylindrical tube with a fully developed flow
field can be described by the Hagen-Poiseuille law (see Eq. (2.45)). However, as the liquid
enters the tube at the lower boundary, this flow field has not yet developed. The length at
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Figure 2.5: Maximum Reynolds number for silicone fluid SF 0.65 as a function of capillary tube

radius.

which a fully developed flow can be observed, the entrance length L., is given by White [106]
to be

DQEp

L. ~ 0.06 D Rep, = 0.06 (2.39)

During the development of the laminar flow profile an excess pressure drop can be observed.
Stange et al. [96] used the model of Sparrow et al. [92] to calculate this excess pressure drop.

Including this model, the total viscous pressure losses are given by
Fy, = —mR? <8ﬁhh + 5PK; h2) (2.40)

Here, K denotes a coefficient for the excess pressure drop given by Sparrow et al. [92] to be

25
7 4 —4a2h —4a2h
o(h) = 3 E ( th_ 3) e~tath (2.41)

with & = h/(D Rep) and a; as given by [92].

2.4.5 Gravity force and inclination

The volume force developing due to gravity can be accounted for using

27

h 2r R
- /// pgdV, = —///pgr drdodz = —wR*pgh, (2.42)
Va 0 0 0



28 CHAPTER 2. THEORY OF CAPILLARY DOMINATED FLOWS - STATE OF THE ART

2R

Figure 2.6: Setup with a tube inclined by an angle ¢). Note that h denotes the distance covered
within the tube.

where ¢ denotes the gravitational acceleration. In setups with gravity, ¢ (see Fig. 2.6) is
defined to be the angle formed between the inclined tube and the horizontal free liquid surface.
It shall be mentioned that for an inclined setup the equations derived in this work keep their
validity except for two changes. First of all, the height h is not the absolute height in respect
to the horizontal liquid reservoir level but the distance covered within the tube (see Fig. 2.6).
The second change concerns the effective gravitational acceleration. Here the inclination has

to be considered and ¢ in the equations will have to be replaced by an effective g, defined by
ge = gsin. (2.43)

2.4.5.1 The full linear momentum balance

By substituting Eqs. (2.34, 2.36, 2.40, 2.42) in Eq. (2.23), one obtains after dividing by (—m R?)

. 20cos(8y)s(t) 11 . .93 . o1
—phh = —% + 5B+ 2%h 5P+ S%thr SPEGR + o (2.44)
! ‘2, s 3 4 5 6 7 8

Here, the individual terms can be understood as follows:
1. Local acceleration of the liquid inside the tube
2. Capillary pressure

3. Local acceleration of the liquid below the tube
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4. Viscous losses below the tube

5. Convective flow losses at the entrance of the tube
6. Viscous losses in the tube (Hagen-Poiseuille)

7. Sparrow et al. entrance function

8. Hydrostatic pressure

One can compare Eq. (2.44) to the momentum balance used by Stange et al. [95, 96]. It is found
that both solutions are fairly similar, however, deviations can be traced back to the different
boundary conditions. Stange et al. include a deviation in height between the liquid surface
and the lower tube end (called hg) and have to account for retarding capillary pressure in the
liquid reservoir. These terms are not relevant for the cases investigated in this study. Contrary
to Stange et al., who used a reservoir featuring a pinned surface optimized for micro-gravity

environments, a mathematically infinite reservoir is applied [96].

2.4.6 Simplified linear momentum balance and corresponding as-

sumptions

The full momentum balance Eq. (2.44) contains all known terms to describe the movement
of the meniscus. However, due to its complexity it can only be solved numerically. Thus, a
common approach (as for example applied in [112]) is to simplify Eq. (2.44) by neglecting
certain terms. In this context, the solution is restricted to the cases where the neglected
terms are actually small compared to the other ones. In the following, some commonly made

assumptions are stated and a simplified momentum balance is presented.

e No entry effects: One can see that the entrance length L. decreases quadratically with
decreasing tube diameter d as introduced in Eq. (2.39). In conclusion, the entrance
length can be neglected when compared to the meniscus height h for small tube radii.
Thus, the Hagen-Poiseuille term in Eq. (2.40) dominates the excess pressure term. As
the focus of this work is the description of capillary rise in porous materials or capillary
tubes with pore / tube radii of less than one millimeter, the excess pressure term will
be - contrary to Stange et al. [96], who investigated tubes of up to 54 mm radius -
neglected in the following calculations. Thus the total viscous pressure loss is given by

the Hagen-Poiseuille law
Ap _ 8w

- _ 24
L=, (2.45)
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so that the viscous friction force reads

T
Fy = —wRQEhh. (2.46)
e Constant capillary pressure: For many analytical models the capillary pressure is assumed
to be constant. Hence, a static contact angle 6 is used (for a discussion see section
2.4.4.1, Siebold et al. [89] or Fries and Dreyer [36]). Also, the coefficient s(t), describing
the development of the meniscus in the first initial moments - and thus the capillary

pressure - is dropped.

e Viscous and local acceleration (h) terms in the liquid reservoir are neglected as they are
typically (for small capillaries) small compared to the losses in the tube itself. Also the
factor 23/24 of the convective acceleration term is dropped as its accuracy should not be

overestimated (see section 2.4.4.2).

With these assumptions the equation of motion is given by (e.g. Bosanquet [11] or Zhmud et

al. [112])
d(hh) 20 cos(0)  8uh .

AR Ta— + R2h+pgh. (2.47)

In this equation, the momentum change (local and convective, left hand side) is balanced by the

—phh — ph* =

capillary pressure, the viscous forces and the hydrostatic pressure (left to right). An alternative

is to rearrange the terms of Eq. (2.47) to highlight their physical meaning

20 cos(0) d(hh)  8uh
= . 24
7 P + I h + pgh (2.48)

In Eq. (2.48) one can see that the capillary pressure (left hand side) is balanced by the sum of
inertial, viscous and hydrostatic forces. All terms on the right hand side are depending on h or

h, whereas the left hand side remains constant during the entire rise process.

2.5 Equation for porous media using the Darcy law

To derive an equation for the capillary rise of liquid in a porous medium the pore structure
parameters and the analogy between capillary dominated flow in a cylindrical tube and in a
porous medium as introduced in section 2.2 are considered. With the pore structure parameters

K, R, and ¢ the momentum balance Eq. (2.47) can be rewritten

_pd(hh) _ _ 20cos(f) N ¢
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Here, valid for small pore Reynolds numbers, the viscous losses are expressed by the Darcy
law neglecting the convective terms of the Forchheimer equation as done by Symons [98] and
Marmur [66] in this context. The radius R, used to calculate the capillary pressure in tubes, has
been replaced by the static radius R, which can be calculated from the maximum obtainable
“static” height. One also assumes that the porous medium features a uniform pore size, which
actually applies for few cases only. Nevertheless, this simplified model can be successfully

applied to describe capillary rise in porous media (see chapter 7).

2.6 Radial flow in porous media: (Governing equations

In the following the relations for a radial capillary setup are investigated. This section is
not considered being state of the art, yet it is placed within that chapter as it is a logical
extension to the previous work. The approach is fairly analogous to the method introduced in
the section for linear transport, however, there are some differences due to the radial motion
which is addressed in the following. Figure 2.7 displays a drawing of the basic geometry and

the boundary conditions.

2.6.1 Mass balance

Analogous to linear transport, the integral mass balance (White [106]) reads

(%)Syst: 7 ///pdV +// et - (2.50)

For the control volume V, as introduced in Fig. 2.7 (H denotes thickness of porous structure)

one can write
H 27 7rf H 27

d
OI% ///prdrdcpdz +// P(Tper - M) dp dz. (2.51)
00 7o 00

Again, v,.; denotes the relative velocity with respect to the boundary. If the outer boundary
of the control system is defined to move with the wicking front velocity 7, the relative velocity

at the outer boundary is zero, and the balance can be simplified to read
0=2nHprry+2nHpro(Upe - 1). (2.52)
From this, the following velocity distribution within the radial structure can be calculated

rovo = TV, (1) = 147y (2.53)
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Figure 2.7: Schematic drawing of the boundary conditions for radial flow.

2.6.2 Linear momentum balance in radial direction

To analyze the motion of the liquid front, the Navier-Stokes equation for cylindrical coordinates
in radial (r) direction can be used. It reads as follows [93]

ov, ov, ov, 1 ov, 9 op 10)

T Ut U T - =P9r — 7o — KM=, 2.54

Ploc " ar " %8, T (W Op %)1 PIr =y ~FEK" (2:54)

where the last term is the Darcy law replacing the viscous momentum transport. Several
terms of Eq. (2.54) can be canceled out, as the problem described is one dimensional, and all
derivations and velocities in ¢ and z direction are zero. Also, for a horizontal setup, the gravity

force can be set to zero. One obtains

do,  dv, d
p li +o, } Ly, = (2.55)

dt dr K" dr
By multiplying with dr and integrating, the equation can be rearranged to

d [ vf A Py
— pv,wir—l—/ pvrdvr+/ u?wdr:—/ dp = —ps + po. (2.56)

dt To vo To Po
2.6.2.1 Pressure at the wicking front

The pressure at the wicking front can be calculated using the Young-Laplace equation

20 cos (04)

& (2.57)

pr = pa — 5(1)

Here, R, denotes the static pore radius (or “capillary pressure effective radius”) of the medium,

and p, refers to the ambient pressure.
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2.6.2.2 Pressure at the inner boundary

Analogous to the outer boundary one can determine the pressure at the inner boundary by

Po = Pa — Pwick- (258)

Here, p;e refers to viscous losses that may occur before the liquid enters the radial screen, e.g.

in a feeding wick (see Fig 8.1).

2.6.2.3 The final equation

By substituting Eqs. (2.57, 2.58) in Eq. (2.56), one obtains

d Tt vf Ty 9 9
T [/0 Pvrd'r’} +/ pvrdvﬂr,u% /TO U,«drzs(t)%s(d)_pwick, (2.59)

Vo
In the following the parameter s(t) describing the time for the meniscus to develop and the
dynamic behavior of the contact angle # shall be neglected. By also neglecting the viscous losses
in the feeding wick - for this case its permeability has to be much higher than the permeability

of the porous screen - Eq. (2.59) can be rearranged to

20 cos ( ) vf
—_— = ,u Ur r)dr —1— — pu.(r)dr| + pu.dvu,. . (2.60)
R, 'K dt o
hv—/ _ NG ~ J
capillary pressure viscous terrn local acceleration convective acceleration

Due to the mass balance given in Eq. (2.53)

1
vn(r) = gy, (2.61)

so one can substitute v,(r) and rearrange to obtain

20cos(0) ¢ dry. (1 d drf rr dri\>[1 1}
ZTemY) 1 1 LY - - L) =0 (262
R MR @ MG a | a "\ )| T a ) 27 2 (262)
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Chapter 3

Dimensionless scaling methods for

capillary rise

3.1 Introduction

The following chapter is based on the publication “Dimensionless scaling methods for capillary
rise” by N. Fries and M. Dreyer [37]. To obtain a better understanding of a problem, its
dimensionless consideration is always of interest. Here, the Buckingham 7 theorem [17] can
be used to obtain appropriate dimensionless scalings. In literature there are several papers
applying dimensionless numbers to the problem of capillary rise. Ichikawa and Satoda [47]
focus on experiments with horizontal capillaries, Dreyer et al. [31] and Stange et al. [95, 96]
on capillaries in a microgravity environment. There also exist studies involving gravity, thus,
leading to different scaling approaches e.g. by Quéré et al. [78, 79], Marmur and Cohen [67],
Zhmud et al. [112], Lee and Lee [56] or Fries and Dreyer [35, 36]. McKinley [71] investigates
dimensionless groups for free surface flows with a focus on complex fluids. In this chapter
a systematic approach to dimensionless scaling of capillary rise is followed, and the different

derived options are compared.

The basis for the dimensionless scalings is the differential equation of motion of liquid inside
a capillary tube. It can be derived by solving an integral balance of the linear momentum in
an appropriate control volume as shown in chapter 2 “Theory of capillary driven flow”. The

simplified equation (see chapter 2.4.6) for a capillary tube reads as follows (see Eq. (2.47))
d(hh) 20 cos(f)  8uh

B4R +R2h+pgh (for h > 0). (3.1)
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It is important to note that Eq. (3.1) is only valid for a rising column. For a falling column -
as it occurs in oscillating cases - the different flow characteristics at the tube inlet have to be
considered. While for the rising column it acts as a sink, a jet or vortex may be emitted for
the falling column. Here, for the descending case, the h2 term included in the left hand side of

Eq. (3.1) is omitted to obtain

—phh = —

20 cos(0)  8uh . -
I + IE h+ pgh (for h < 0) (3.2)

as shown by Lorenceau et al. [60].

For porous media the Darcy law can be used to describe the viscous pressure loss (see Eq.

(2.49))

d(hh)  20cos(f)  ¢uh; ,
B4R Ta + Kh+pgh (for h > 0). (3.3)

3.2 Dimensionless scaling

In this section the different dimensionless scaling options will be discussed. The Buckingham
7 theorem and the approach described by White [106] is used. The relevant definitions shall
be introduced briefly:

e Dimensional variables are the basic output of the experiment, and normally the ones to

be shown in a diagram. They vary during a given run. In the current case h and ¢.

e Dimensional parameters affect the variables and may vary from case to case, however,
remain constant during a given run. In the current case a, b and ¢, see Egs. (3.4), (3.5)

and (3.6) below.

e Fundamental units are the units of the variables and parameters e.g. meter, kilogram,

second.

e Scaling parameters are chosen to convert the variables to a dimensionless form. In the

current case: two can be chosen.
e Basic parameter is the - in the current case one - remaining parameter.
e Dimensionless variables are the variables made dimensionless by the scaling parameters.

e Dimensionless basic parameter is the basic parameter made dimensionless using the scal-

ing parameters.
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In a graphic representation of the dimensionless solution the axes are the dimensionless vari-
ables, while the dimensionless basic parameter is varied to plot a set of curves [106] (e.g. see
Fig. 3.1). With varying dimensionless basic parameter the influence of the basic parameter
(and the corresponding force) can be observed. Regarding Eqgs. (3.1) and (3.3) one may define

the following dimensional parameters

pR . pR;
g p—y -4
‘= 25 cos (0)  20cos ()’ (3.4)
dp Lo R
b= = .
Rocos(f) 20cos(f) K’ (8:5)

“= 20 cos (0) ~ 20 cos 0)
Due to the analogy, both the cylindrical capillary tube and the version using the pore structure
parameters K, R, and ¢ is given. However, in favor of readability, the latter will not be
explicated in the further text. Please note that the parameters a, b and ¢ are not identical to
those applied in [35, 36]. Using the introduced dimensional parameters one can rearrange Eqgs.

(3.1) and (3.3) to obtain
d (hh)
Tt

inertial

+ bhh, + ch, =1 (3.7)
viscous  hydrostatic

It can now be observed that the momentum balance is much more clearly arranged and that

each dimensional parameter corresponds to a single term: a - inertia, b - viscous effects and

¢ - hydrostatic effects. Table 3.1 summarizes the three different scaling options that will be

examined one by one in the next sections.

Table 3.1: The different dimensionless scaling options.

Option Basic parameter Scaling parameters

1 a (inertia) b (viscosity) and c (gravity)
2 b (viscosity) a (inertia) and c (gravity)
3 ¢ (gravity) a (inertia) and b (viscosity)

3.2.1 Viscous effects and gravity as scaling forces (index t)

Here, b (viscous effects) and ¢ (gravity) are used as scaling parameters, the remaining pa-

rameter a (inertia) is used as basic parameter. The resulting dimensionless variables and the
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dimensionless basic parameter are derived by applying the Buckingham 7 theorem as shown in

section 3.5
P — hl = ch = ﬂh )
& T 20 cos )" (3:8)
and
24 2,2 R3
T (3.9)

=——=_rJ= 4
b 16uo cos(0)
These two dimensionless variables have been used by Zhmud et al. [112] and Fries and Dreyer

[35]. The dimensionless basic parameter reads as follows

b2 1280 cos (0
. Nl
L T (310

According to Quéré et al. [79], the basic dimensionless parameter W;, is denoted as €). Here, €2

can be used to measure the influence of inertia. Fig. 3.1 shows that for decreasing (2 (increasing
inertia, see arrow) the oscillations and the overshoot increase. This is consistent with Quéré
et al. who find oscillations to occur for 2 < 2. It is interesting to note that for all three
scaling options presented in this article 2 (=m3) is mathematically equal, however, its meaning
changes from scaling to scaling [106]. Thus Q always reflects the influence of the chosen basic
parameter. For example, as will be shown later in further detail, {2 can become infinite in two
limits which are physically very different: For a non inertial case (the Washburn limit) with
a =0, and for the no gravity case (the Bosanquet limit) with ¢ = 0.

The numerical solutions of the momentum balance as shown in Figs. 3.1, 3.2 and 3.3 have been
obtained by using an implicit Runge-Kutta algorithm with the initial conditions A(t = 0) = 0
and h(t = 0) = 0. The case differentiation for A > 0 and h < 0 was programmed by including
an 7 f() command into the code.

Applying the scalings presented above the resulting dimensionless momentum balances read

1 d<h ﬁT> hidh

=1 (for ht 11
T + e +h (for At > 0) (3.11)
and

1 d?ht dht .

ST ) kT ) g t

Gp gz Th o+ =1 (for it <0). (3.12)

For Q@ — oo (no inertia), Eq. (3.11) can be solved analytically with the solution given in

implicit form by Washburn [104]

th = —h" —In (1 — Al), (3.13)
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Figure 3.1: Plot showing the dimensionless numerical solution of Egs. (3.11) and (3.12). Vis-
cosity and gravity are the scaling forces, inertia is the basic parameter for the set of curves.
The points refer to the analytic solution Eq. (3.14) for Q@ — oo by Washburn. Note that the

curve for 2 = 10 lies above the curve for €2 = 100 and is not visible.
and in explicit form by Barry et al. [5] and Fries and Dreyer [35]
hh=1+4W(—e 1) (3.14)

Here, W(x) denotes the Lambert W function (see section 5.3.1). By numerical means the
deviation between the analytic and the numerical solution is found to be smaller than 5 % for

Q>79andt>0.1.

3.2.2 Inertia and gravity as scaling forces (index 1)

For this case one obtains - analogous to the procedure as shown in section 3.5 - the following

dimensionless variables

(3.15)

2 2
iy ¢, | _peR
=tr=\—t=4]|———=1t. 3.16
2 a 20 cos (0) (3.16)

and
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These dimensionless variables have been used by Quéré et al. [79]. The dimensionless basic

b2 1280 cos (0
. Nl
0L - ¢ Py 317

Here, ) can be used to determine the influence of viscous effects. Thus, it can be observed that

parameter reads

the oscillations decrease with increasing 2 (increasing viscosity, see arrow in Fig. 3.2). The

dimensionless momentum balances read

a (nid) dh?
N T L ont® L =1 (for bt 1
o + Qh o +h (for ht > 0) (3.18)
and .
d°h dh? .
I R 1
dtiQ + Qht— yr +ht=1 (forht<0). (3.19)

For Q — 0 (no viscous effects), Eq. (3.18) can be solved analytically with the solution given

by Quéré [78] to be
t
ht =t (1 — E) : (3.20)

valid for 0 < ## < 3. By numerical means, the deviation between the analytic and the numerical

solution is found to be smaller than 5 % for Q < 0.11 and 0 < ¢} < 3.

3.2.3 Inertia and viscous effects as scaling forces (index x*)

With this choice one obtains - analogous to the procedure as shown in section 3.5 - the dimen-

sionless variables as described in following: The first one reads

1_\/ h_’/pR?’acos (3.21)

To be consistent with the scaling by Ichikawa and Satoda [47], and to obtain a more convenient

form of analytic solution (see Eq. (3.27)) one can divide 7} by v/2 to obtain

b 162

hW=—h=/———— h. 3.22
V2a pR30 cos (0) (3.22)
The second dimensionless variable reads
. 8pu

and the dimensionless basic parameter

/ b2 1280 cos (0)p?
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Figure 3.2: Plot showing the dimensionless numerical solution of Egs. (3.18) and (3.19). Inertia
and gravity are the scaling forces, viscosity is the basic parameter for the set of curves. The

points refer to the analytic solution Eq. (3.20) for Q — 0 by Quéré.

Here, €2 can be used to measure the influence of hydrostatic effects. Thus, it can be observed
that the oscillations increase and the maximum height decreases with decreasing € (increas-
ing hydrostatic effect, see arrow in Fig. 3.3). Using the presented scaling the dimensionless

momentum balances can be given as

d (h*4) dh* V2 -
9~ dt"J 4 op* ~~h*=1 (forh* 2
e + hdt*+Qh (for h* > 0) (3.25)
and

d*h* Ldhs V2, -

For 2 — oo (no hydrostatic effects), Eq. (3.25) can be solved analytically with the solution
given by Bosanquet [11] to be

= /tr — (1 —et). (3.27)

By numerical means the deviation between the analytic and the numerical solution is found to

be smaller than 5 % for Q > 96 and t* < 100.
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Figure 3.3: Plot showing the dimensionless numerical solution of Egs. (3.25) and (3.26). Inertia
and viscosity are the scaling forces, gravity is the basic parameter for the set of curves. The

points refer to the analytic solution Eq. (3.27) for 2 — oo by Bosanquet.

3.3 Discussion

In Table 3.2 the different dimensionless variables and 2 are examined further on. It can be
observed that they are related to the indicated forces and well known dimensionless numbers as
displayed in Table 3.3. In Table 3.2, cos (f) appears as an independent dimensionless parameter.
Note that the three figures (Figs. 3.1, 3.2, 3.3) shown in the previous sections all represent
solutions of the same five cases (equal €2). Due to the different scalings however, their shapes
bear no direct resemblance. From a general point of view, the three scaling options are all
equivalent for describing the problem of capillary rise. However, for some cases there can be
a benefit of choosing a certain scaling method. In the following, two of these cases shall be

discussed:

All forces are effective

To investigate the impact of a certain parameter one can choose it to be the basic parameter.
Then the two remaining parameters must act as scaling parameters. If, for example, viscous
effects and gravity are chosen to be scaling forces (parameters), then €, the basic parameter

for the set of curves, will reflect the influence of inertia.
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Table 3.2: Overview of dimensionless variables and €. See Table 3.3 for description of dimen-

sionless numbers.

Variable Dimensionless numbers ~ Forces

Bt Bo gravity
cos () surface tension
" Bo? (gravity)?
Ca cos () viscous - surface tension
Bt Bo gravity
cos (0) surface tension
" Bo (gravity)®
Fr? cos (6) (inertia)® - surface tension
e Oh viscous
cos (0) Vinertia - surface tension
- 1 viscous
Re inertia
Q [cos (6) Vsurface tension - viscous
Bo Ga gravity

One of the forces can be neglected

For some cases it is possible to neglect the influence of a certain force, e.g. in microgravity
the hydrostatic term can be neglected. This also applies for experiments where only the initial
time period of the capillary rise is investigated, while for later time stages in small capillaries
one can usually neglect inertia. The neglected force can not be used as a scaling force, thus the
one remaining scaling option should be chosen. In this case the neglected force will act as basic
parameter for the set of curves. However, the plotted solution is reduced to a single curve as

the basic dimensionless parameter €2 will equal 0 or oco.

3.4 Conclusion

This chapter has demonstrated that one can use the Buckingham 7 theorem to systematically

derive three different scaling options. Each option consists of a set of two dimensionless vari-
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Table 3.3: List of the relevant dimensionless numbers for capillary rise.

Abbrev. Name Equation Forces
R? it
Bo Bond number P9 STAVEY -
o surface tension
R3p? ravit
Ga Galileo number J 2p g' Y
14 viscous
) wo pR viscous
Ca Capillary number *— ~ *— -
o ot surface tension
iscous
Oh Ohnesorge number o v
v Rpo Vinertia - surface tension
Rv R? inertia
Re Reynolds number pu P :
" ut viscous
R inerti
Fr Froude number N B

vVgR gt?  gravity

cos (/)  Contact angle - -

ables and one basic dimensionless parameter. The different options found are discussed and
numerical as well as analytic solutions of the momentum balance are shown in dimensionless
form. Generally, the different scaling options are absolutely equivalent in terms of describing
the problem. However, using the right scaling can help to identify the influence of a certain
parameter to be investigated. Also for some special cases (e.g. microgravity) the choice is
limited to a single scaling method. These findings can help to choose an appropriate scaling to
present experimental data of capillary rise, and they may also help to systematically plan an

experimental campaign in advance by defining the experimental matrix to be investigated.

3.5 Excursion - Applying the Buckingham m Theorem

The following section aims to clarify the procedure deriving the scalings. As an example the
choice has been made that a (inertia) shall be the basic parameter and b (viscosity) and c

(gravity) shall be the scaling parameters.
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One finds five (5) dimensional units:

[V

a [3z]
b o]
¢ [3]
h [m]
t[s]

and two (2) fundamental units:

time  [s]

length [m]

Thus one will obtain 5 — 2 = 3 dimensionless m parameters that characterize the problem. The

table of fundamental units reads as given in Table 3.4.

Table 3.4: The fundamental units of the system.

- a b ¢ h t
seconds 2 1 0 0 1
meters -2 -2 -1 1 0

According to the Buckingham 7 theorem the system of equations evolves as follows

T1,a

T1,b
2 1 0 01

T,c
-2 -2 -1 10

T1,h

Tt

T2,a
T2
T2.c
T2,h

Tt

T'3,a
T3.b
T3¢
T3,k

T3t

00 0
= . (3.28)
00 0

This system is under-determined, and one is allowed to choose three parameters in each 7

vector.

Viscous effects and gravity as scaling forces (index T)

Here a (inertia) shall be the basic parameter, while b (viscosity) and ¢ (gravity) shall be the

scaling parameters. One can set for an appropriate scaling for h that m , = 0, m;, = 1, and
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7+ = 0. A parameter for ¢ can be found by setting mp, = 0, T3, = 0, and m; = 1. To find the
basic dimensionless parameter one may use 73, = —1/2 (this is chosen to be consistent with
Q as defined by Quéré et al. [79], other choices lead to linearly dependent solutions), 75, = 0,

and m3; = 0. Now one can solve to obtain:

Tlia T24 T34 0o 0 -1/2

Ty T2p T3p 0 —1 1

Te Toe T3e | =] 1 2 -1 (3.29)
Tih Ton T3n 10 0

Tt T2t T3t 0 1 0

Thus the Buckingham 7 theorem provides two dimensionless variables and one dimensionless

basic parameter.

= a®b0cthted (3.30)
w5 = a*b R0t (3.31)
mh = a”z2b' e R0t (3.32)

Inertia and gravity as scaling forces (index 1)

Here b (viscosity) shall be the basic parameter, while a (inertia) and ¢ (gravity) shall be the
scaling parameters. One can set for an appropriate scaling for i that m;, = 0, m 5, = 1, and
m, = 0. A parameter for ¢ can be found by setting m;, = 0, m2 5 = 0, and m; = 1. To find the

basic dimensionless parameter one may use m3; = 1, w3 = 0, and 73, = 0. Now one can solve

to obtain:
Tla T2a T34 0 —1/2 —-1/2
Tip To2b T3h 0 0 1
Tie Tae Tye | =1 1 1 -1 (3.33)
Tih Toh T3h 1 0 0
Tt T2p T3 0 1 0

) )

Thus the Buckingham 7 theorem provides two dimensionless variables and one dimensionless

basic parameter.

= a%0ct pe® (3.34)
= a2 B0t (3.35)
= a~2b' e h0f0 (3.36)

Inertia and viscous effects as scaling forces (index )

Here ¢ (gravity) shall be the basic parameter, while a (inertia) and b (viscosity) shall be the
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scaling parameters. One can set for an appropriate scaling for i that m . = 0, m 5, = 1, and
m = 0. A parameter for ¢t can be found by setting my. = 0, 35 = 0, and m; = 1. To find
the basic dimensionless parameter one may use w3, = —1 (this is chosen to be consistent with
Q as defined by Quéré et al. [79], other choices lead to linearly dependent solutions), 75, = 0,

and m3; = 0. Now one can solve to obtain:

Tia T2a T3a -1/2 -1 —1/2

Tib T2b T3 1 1 1

Tie T2c T3e | = 0 0 -1 (3.37)
Tih T2h T3h 1 0 0

Tt T2t T3t 0 1 0

Thus the Buckingham 7 theorem provides two dimensionless variables and one dimensionless

basic parameter.
7 =a b RO (3.38)

75 =a o' Rt (3.39)

Ty = a”z2b'c TR0t (3.40)
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Chapter 4

The transition from inertial to viscous

flow

4.1 Introduction

The following chapter is based on the publication “The transition from inertial to viscous flow in
capillary rise” by N. Fries and M. Dreyer [36]. When dealing with the problem of capillary rise
it is of great interest to know which forces (e.g. inertia, viscous forces, gravity) are dominant.
This is based on the fact that one has to make certain assumptions to obtain analytical solutions
for the momentum balance. These assumptions are mostly the neglect of certain forces (see
subsections of 3.2). This, however, limits the validity of the derived equations to certain time
intervals where these forces can actually be neglected [11, 61, 81, 104]. Stange et al. [95, 96]
separate the individual time stages by means of dimensionless numbers. Ichikawa and Satoda
[47] compare several previous works, present experimental results and conduct a dimensional
analysis. Quéré et al. [78, 79] investigate the inertia dominated flow period. Subsequent time

stages (t > 0) with influence of gravity are discussed in [35, 112].

In this chapter some light shall be shed on the different stages of capillary rise and the transitions

between them. The focus is on cylindrical tubes although all calculations presented in the

following are equally valid for porous media, as the pore structure parameters K, R, and ¢

can be included in the parameters a, b and ¢ (see Eq. (3.4)). As previously introduced the

simplified momentum balance of a liquid inside a capillary tube reads (see Eq. (2.48))
20cos(0)  d (phh)  Sph

T + R2h+pgh. (4.1)
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4.2 Analytical solutions for defined time domains

In the following several approaches to obtain analytical solutions of the momentum balance are

discussed.

4.2.1 Purely inertial time domain

For the very first moments after the liquid contacts the tube Quéré [78] takes the following
approach: Neglecting the viscous and the gravity term in Eq.(4.1) gives
20 cos(@)  d (hh)

R a@ = h? 4 hh. (4.2)

Quéré solves the differential equation (see section A.1) giving a capillary rise with constant
velocity

bt 20 cos(0) _

t
P (4.3)

4.2.2 Visco-inertial time stage

Bosanquet [11] finds a solution featuring the inertial and viscous term resulting in the following

differential equation

% (hh) + ghh - é (4.4)

He obtains (see section A.2 for the derivation)

h2:%[t—% (1—(7”)], (4.5)

which is also used by Ichikawa and Satoda [47] in dimensionless form. Note: For ¢ — oo Eq.

(4.5) converges into the Lucas-Washburn equation which will be presented next.

4.2.3 Purely viscous time stage

For the intermediate flow period Lucas [61] and Washburn [104] neglect the influence of inertia

and the influence of gravity. They find (see Eq. 5.4 for the derivation)

hQZUR%—OS@tZEt' (4.6)
21 b
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4.2.4 Viscous and gravitational time stage

During the later stages of capillary rise gravity can no longer be neglected. This time stage shall
not be the focus of the current chapter, however it will be briefly discussed here for completeness.
As will be derived in chapter 5, where this topic is explicated, one can generalize that for h >
0.1 he, gravity has to be considered. Here, h, is the equilibrium height where the hydrostatic
pressure balances the capillary pressure (see Eq. (4.9)). Analytic solutions (neglecting inertia)

are given by Washburn [104] in implicit form (see section A.3 for the derivation)

) L N (4.7)

c
and by Fries and Dreyer [35] in explicit form (see Eq. (5.15) for the derivation)

2

W) = 2 [1 LW (—e*lf%ﬁ)] . (4.8)

Cc

Here W (x) is the Lambert W function. Finally one can calculate the equilibrium height (where

capillary pressure equals hydrostatic pressure) to be [61]

20 cos(f) 1
hoy = —— 4.9
q ,OQR c ( )

4.3 Separation of time stages
One can derive three transition times (see Fig. 4.3):
e t; is the transition time between the purely inertial and the visco-inertial stage,

® ty g is the time when the solution by Quéré and the Lucas-Washburn equation provide

the same rise rate [96],

® 15 is the time when the solution by Quéré and the Lucas-Washburn equation provide

the same height [78],
e 13 is the transition time between visco-inertial and the purely viscous stage.

As stated, the purely inertial flow period shows a rise with constant velocity. Both solutions
by Quéré Eq. (4.3) and Bosanquet Eq. (4.5) show this linear behavior in the beginning. At
some point - in contrast to the solution by Quéré - Eq. (4.5) deviates to lower values as viscous

effects become more important. One can find the point where viscous effects have to be taken
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into account by the following approach: To obtain the time when both solutions reach a certain

level of disagreement (e.g. 3% deviation) one may write

hQuere (tl ) - hBosanquet (tl )
hQuere (tl) .

To solve this equation numerical methods have to be applied as no analytical form could be

0.03 = (4.10)

found. This is also the reason why the calculations are explicated here for a single level of
deviation (3%) only. Numerical calculation yields

B 0.0232R?%p ~ 0.1856a
= . = T

. (4.11)

and using Eq. (4.5) provides

R3pocos(f)  0.1800v/a

hi =0.0318
1 72 b

(4.12)

Stange et al. [96] find the time when the rise rates of the equation by Quéré and Lucas-Washburn
are equal (hQuere = hLucas—Washburn) to be
R*p a

_np_a 4.1
160 2b (4.13)

la,s

Quéré 78] calculates the time when the heights of his solution and the Lucas-Washburn equation
intersect so that hguere = RrLucas—washburn (8 shown in Fig. 4.1). By equating the heights, he

obtains ,
R°p  2a
to = 2 — 2 4.14
27@ 4[[1/ b ) ( )

and Eq. (4.3) or (4.6) give

R3pocos(f)  2va
2 b

ha. = 0.3536 (4.15)

Quéré denotes this ¢y as t*. Here, however, ¢5 o shall be used to prevent confusion with the
dimensionless time introduced in the previous chapter. ;¢ and ¢y are feasible, “general”
indicators for the transition from the inertial to the viscous time period. However, they do
not provide information on when the influence of inertia is negligible and the Lucas-Washburn
equation is sufficient to describe the capillary rise. To obtain such a measure one can take
the equation given by Bosanquet [11] (visco-inertial stage) and the Lucas-Washburn solution
(purely viscous). For ¢t — oo both solutions converge into each other. The time of 3% deviation

in the predicted heights is defined by

0.03 = hLucasWashburn (tS) - hBosanquet (t3)

4.16
hLucasWashburn (t3) ( )
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Figure 4.1: Comparison of analytic solutions with experimental results by Siebold et al. [89]
using pentane in a glass tube with 191 pym radius. A constant contact angle of 73° (as found
by Siebold et al.) has been used for the calculations. Note: This angle differs from the static

contact angle.

In analogy to the derivation of ¢; only numerical methods were found to solve this equation, so
one obtains

_ 21151R%  16.92la
===

ts (4.17)

Using Eq. (4.5) gives

R3pocos()  5.6429\/a

hs = 0.9975
3 2 b

(4.18)
Fig. 4.2 displays the development of the pressures involved in the capillary rise process plotted
over time. It can be observed that in the beginning the convective acceleration pressure (h2)
dominates, while the local acceleration (hh) pressure is negative. However, the viscous pressure
builds up fairly fast and overtakes the convective acceleration. For setups with gravity, which
are not considered here, the hydrostatic pressure would rise and eventually dominate. Finally

it would become equal to the capillary pressure.
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Figure 4.2: Plot of the pressures normalized by the capillary pressure versus time. The case
displayed in Fig. 4.1 is considered. Note that the effect of gravity is neglected and thus is set

to zero, as also done by all equations plotted in Fig. 4.1.

4.4 Discussion in dimensionless form

In the following the dimensionless scaling provided by Ichikawa and Satoda [47], as described

in section 3.2.3 is used. In rearranged form it reads

8u b
= = ¢ 4.1
et =<t (419
and
1 2
ht = O by, (4.20)

pR30 cos (0) V2a

For an expression of this terms in dimensionless numbers see Table 3.2. This scaling can be
used to transform the analytical solutions into a dimensionless form. The solution by Quéré

[78] Eq. (4.3) then reads
- 35 (4.21)

The equation by Bosanquet [11] Eq. (4.5) changes to

= \/tr — (1 — e t"), (4.22)
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Figure 4.3: Dimensionless diagram showing an overview of the initial time stages of capillary

rise. The same case as shown in Fig. 4.1 is considered.

and the Lucas-Washburn equation [61, 104] Eq. (4.6) reads

h* = \/t*. (4.23)

In Fig. 4.3, these equation are plotted in logarithmic scale. The points of transition between
the time periods are shown. Using the presented scalings the points of transition, determined by
Egs. (4.11-4.18), can be given in dimensionless form, see Tables 4.1 and 4.2. The two tables each
represent different levels of allowed deviation (1% and 3%). For 1% deviation the transition
from purely inertial to visco-inertial flow (index 1) occurs earlier, while the transition from
visco-inertial to purely viscous flow (index 3) occurs later when compared to the 3% deviation
case. Thus, restricting the allowed deviation expands the time range where both forces have to

be accounted for.
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Table 4.1: Dimensionless values of the transition points. Note that for index 1 and 3 a deviation

of 3% is assumed.

t hi ths  tag 20 t3 hs
0.1856 0.1273 0.5000 2.0000 1.4142 16.921 3.9901

Table 4.2: Dimensionless values of the transition points for 1% deviation (index 1 and 3).

t hi ths  tg 20 13 hs
0.0606 0.0424 0.5000 2.0000 1.4142 50.251 7.0179

4.5 Conclusion

In this chapter the different time stages during the early stages of capillary rise have been
dscussed. It is concluded that the purely inertial and the purely viscous flow period are sep-
arated by a visco-inertial stage where both effects have to be considered. By means of math-
ematical rearrangement the times and heights where the transition between the time periods
occur have been derived. This provides a tool which allows to calculate which terms of the mo-
mentum balance have to be taken into account to obtain a solution of sufficient precision. Up
to now, the time where the solution for the inertial and the viscous rise provide the same height
has been used as a measure. However, it can now be stated that it takes about eight times as

long for the flow to become independent of inertial effects (813 , ~ t3 for 3% deviation).
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Chapter 5

Analytical solutions including the

gravity term

5.1 Introduction

The following chapter is based on the publication “An Analytic Solution of Capillary Rise
Restrained by Gravity” by N. Fries and M. Dreyer [35]. Regarding the behavior of a liquid
brought into contact with a vertical, small tube as shown in Fig. 1.1, it can be seen that at
first a fairly fast flow into the structure develops. Later the rise of the liquid will continuously
slow down until finally a static state is reached. The basis for the calculations presented in
this chapter shall be the simplified momentum balance of liquid within a capillary tube as

introduced previously in Eq. (2.48)

2 9 8uh.  d(hh
%S():pgh—i-;;h—i-p (dt)' (5.1)
— ¥

In Eq. (5.1), the individual terms from left to right refer to:
1. The capillary pressure
2. The gravity term (hydrostatic pressure)
3. The viscous pressure loss (Hagen-Poiseuille)

4. The inertia terms (local and convective)

When porous media are investigated the Darcy law as introduced in section 2.5 can be used

guh;  d(hh)
h )
T

2 0
o cos(0) — pght

i - (5.2)
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To experimentally obtain the two parameters R, and K one can do a first evaluation of the
equilibrium height in the static case to obtain the radius R, for the capillary pressure. Later
the permeability K can be obtained by fitting the calculated liquid rise curve to experimental
values.

The differential equations (5.1) and (5.2) cannot be easily solved analytically, instead numerical
methods may be used. However, as sometimes an analytical solution is favorable, solutions can
be found for certain flow regimes where individual terms of Egs. (5.1) and (5.2) can be neglected.
Stange [95] claims that there are four time regimes. For small times the inertia term dominates,
later the convective losses in the entry region (not modeled here), then the viscous term and
finally the hydrostatic term. For infinite times a static state is reached where the hydrostatic
pressure balances the capillary pressure. As applications of capillary flow or experiments are
often bound to certain time regimes, it is feasible to neglect the corresponding terms in Eq.

(5.1) to obtain analytical solutions. In the following two of these are presented.

5.2 Viscous dominated flow

Lucas [61] and Washburn [104] consider a flow regime where the influence of inertia as well as

the influence of gravity can be neglected. Thus, Eq. (5.1) simplifies to

20 cos(0) Sphh

: 5.3
R R? (5:3)
Rearranging gives
dh  oRcos(0)
h— = ————. 4
dt 4 (54)

Solving this ordinary differential equation with the initial condition A(0) = 0 by means of
separation of variables leads to the well-established Lucas-Washburn equation as previously

introduced in section 4.2.3:

h? =

UR;ZS(Q)t - o C;S(e) ;;St = %t. (5.5)
The Lucas-Washburn solution is probably the most used equation when it comes to the charac-
terization of capillary transport or “wicking” in capillary tubes, porous media or the capillaries
in packed powder. However, the fairly simple - and thus nice to handle - Eq. (5.5) has some
limitations. For small times the fluid velocity is approaching infinity, which is not feasible. This
discrepancy can be explained with the neglect of the inertia term. Also when flow is occurring

in a vertical capillary under gravity there is no limit for the maximum reachable height which
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originates from neglecting the gravity term. In the following sections the gravity term shall not
be neglected which still allows to give an analytical solution in terms of ¢(h) - as already shown

by Washburn in 1921 - and in terms of h(t) as will be presented later.

5.3 Viscous and hydrostatic dominated flow regime

To extend the Lucas-Washburn equation to flows where gravity and thus hydrostatic pressure
has to be taken into account only the inertia term of Eqgs. (5.1) or (5.2) is neglected giving for
Eq. (5.2):

20 cos(0) ¢ -
———= = pgh + —puhh. .6
o pgh+ 21 (5.6)
Rearranging gives
.2 K1 K
i ocos(f) K1 @_’ (5.7)
op  Rsh p ¢

valid for h # 0 as there is a singularity. To simplify the equation one may introduce the
previously introduced constants a, b and ¢ (capillary tube and Darcy version) reducing Eq.
(5.7) to
. 1 c
h=——-. 5.8
bh b (58)

As mentioned above, an analytical solution to this differential equation is given by Washburn

[104] or Lukas and Soukupova [62]. It is calculated as following: Eq. (5.8) is rewritten to
bh dh

dt = ) 5.9
1—ch (59)
After integration as shown in section A.3 one obtains
bh b
t= —?—gln(l—ch)—i—C. (5.10)
To find the unknown constant C' the initial condition
h(t —0)=0 (5.11)
can be used to give
C=0. (5.12)
This leads to the following implicit analytical form
bh b

which is the result of Washburn [104] or Lukas and Soukupova [62] in terms of ¢t = ¢(h). Ham-
raoui and Nylander [41] find this solution to diverge as the liquid approaches the equilibrium
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height. Zhmud et al. [112] evolve a long term asymptotic solution in terms of A(t), as shown
here in rearranged form
1 2

ht) =~ (1~ e~ ). (5.14)

To obtain a more accurate solution for h(t) a new approach is followed. Eq. (5.13) is multiplied

by —c?/b, and 1 is subtracted on both sides

At

—1—7:ch—1—|—ln(1—ch), (5.15)
which by taking it to the power of e gives after rearrangement
czt
—e 7% = (ch —1)eh (5.16)

At this point, the Lambert W function W(z) named after Johann Heinrich Lambert, and

defined by an inverse exponential function
z =W (x)eW®@ (5.17)
can be used to solve for h. It can be seen that Eq. (5.16) follows the form

y(t) = z(h)e*™. (5.18)
y(t) = W (y(1)e" . (5.19)

z(h)e®™ =W (y(t))eV v®), (5.20)

From this it can be seen that

z(h) = W(y(t)). (5.21)

Coming back to Eq. (5.16) the inverse properties of the Lambert W function can be used to

give

c2t

ch—1=W <—e_1_T> . (5.22)
After rearranging, one obtains
1 2
h(t) =~ [1 LW (—e ; )] , (5.23)

which is a full analytical solution in terms of h = h(t), and can be verified as shown in section

A.4. In the following it is referred to this solution as the “extended solution”. In Fig. 5.1
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Figure 5.1: Different analytical and numerical solutions for silicone fluid (SF 0.65) in a 0.1 mm
radius borosilicate glass capillary. Height h is plotted versus time ¢. Extended solution denotes

Eq. (5.23).

this extended solution is calculated and plotted for a setup using silicone fluid (SF 0.65) in a
0.1 mm radius borosilicate glass capillary. The liquid properties given in table 7.2 are used,
and a contact angle of 6, = 16.3° as found by Stange [95] is applied. The other lines in Fig.
5.1 refer to the Lucas-Washburn equation in Eq. (5.5) and the long time asymptotic solution
by Zhmud et al. [112] in Eq. (5.14). The two numerical simulations are calculated with
constant contact angle and dynamic contact angle as done by Chebbi [19], respectively. For the
numerical simulations inertia is neglected and for the dynamic contact angle the equation given
by Jiang et al. [48] (see section 2.4.4.1) is used. Fig. 5.2 displays a plot of the effective pressures
for the same case as discussed above. Note that the convective and local acceleration terms
(inertia) are shown, although these terms are neglected in the extended solution Eq. (5.23). It
can be observed from Fig. 5.2 that the inertial terms - for the time stage considered - are small
compared to the other terms and disappear for longer times. In the beginning the capillary
pressure is mainly balanced by viscous friction, while with increasing height the hydrostatic

pressure becomes dominant.

Further information on the Lambert W function as defined in Eq. (5.17) and its application is

given in [22], [43] and [101]. Its solutions are partly in the complex plane, but switch to real
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Figure 5.2: Plot of the pressures normalized by the capillary pressure versus time. The case

displayed in Fig. 5.1 is considered.

values for —1/e < z as shown in Fig. 5.3. Also, the Lambert W function has been used to solve
differential equations before. For example Barry et al. [5] use the Lambert W function to give
an analytical solution to a transcendental equation related to this present work. To calculate

water movement in unsaturated soil they use the following differential equation

a*A% =1—A.

7 (5.24)

Here o* denotes a constant with dimension [s] and A a dimensionless “function of time ¢” [5].
Solving for the initial condition A(t — 0) = 0 gives an equation featuring the Lambert W

function

A =1+W (—e(%*l)) . (5.25)

Barry et al. [5] mention that it can be used to calculate infiltration as well as capillary rise of
moisture in soils. The solution is - besides the different notations used in soil science - identical
to the dimensionless version of the extended solution as given in Eq. (5.40). This is feasible
as both models describe the same physical processes, one describing the motion of moisture in

soils, the other describing the capillary rise in porous media and capillary tubes.
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Figure 5.3: Characteristics of the upper branch of the Lambert W function for —1/e <z <5.

5.3.1 Practical evaluation of the Lambert W function

When applying Eq. (5.23) to practical problems it is important to be able to calculate the
numerical value of the Lambert W function. In many commercial mathematical programs
the Lambert W function is already included to be found as Wix] or ProductLog[x]. It is also
possible to use spreadsheet calculation programs that don’t feature Lambert W. In this case it is
required to write a macro using the “goal seek feature” or use other iterative solvers. Otherwise
an approximation expression for W (zx) that covers the relevant range can be applied. For this
work such an approximate function is given by Barry et al. [5] (slightly rearranged) as

V2 + 2ex

+ 1+ 4.13501/2+2ex
12.7036++/2+2ex

(5.26)

For the upper branch this equation accounts for the relevant range of —e™! < x < 0 with a
maximum relative error of 0.1%. Further details on both branches of the Lambert W function

are provided in section 8.1, Fig. 8.2 or [22].

5.3.2 Time to reach the equilibrium height

Regarding Eq. (5.23) one may notice that for infinite time the height h converges into a

maximum value h.,. This is the point where the hydrostatic pressure equals the capillary
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pressure, or mathematically W (0) = 0. This gives

1 20cos(0)
c

heg = h(t = 0) = - = ———=. (5.27)

Rpg
As h approaches h,, at some point the height increase is so small that one may speak of a static
state. To find the time needed to reach this point, a static state time ¢, is here defined where

h reaches (1 — €) times he,. E.g. if € = 0.01, h would have to reach 99% of h.,. One may write
h(ts) = (1 =€) heg. (5.28)

Using Eq. (5.27) and Eq. (5.23) gives

1 1 1Pt
(1—6)—:—[1+W<—€ b >] (5.29)
c c
After rearranging one obtains
=W (—e—l-%> , (5.30)
and with Eq. (5.17)
c2ts
—ee = —e 17", (5.31)
To obtain t,
2t
-1- = In(e) — e, (5.32)
and finally
b
ts = = [—1In(e) + € —1]. (5.33)

This may also be written with all variables to give (for e = 0.01, corresponding to h = 99% of

heq)

~ 3.?2217 ~ 3.62160;1008(9) 1

1 23.6220'[LCOS(9) o .
22 I3 022 R,K

(5.34)

5.3.3 Flow velocity

To obtain the flow velocity A(t) it is necessary to differentiate the height h(t). For the Lucas-

Washburn equation one obtains

ht) =4/~ 5.35
)=\ 57 (53
while using the extended solution including gravity yields
W)
. c
h(t) = T (5.36)
B w ()

Both velocity functions are only defined for ¢ > 0. Further details on differentiating the Lambert

W function can be found in section A.4.
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5.3.4 Dimensional analysis

To generalize the obtained solutions, the introduction of dimensionless numbers is always of
interest. The following calculations use the dimensionless scaling introduced in chapter 3.
Viscous effects and gravity are applied as scaling forces to obtain A" and ¢! as shown in section

3.2.1. Thus,

h S
ol o pofs (5.37)

Wl =ch=—=
¢ heg 20 cos(6) 20 cos (0)

and
i At 362t pPg°R?

. p’9>  RK
bty 16uocos(f) 2puocos(f) o

h' can be regarded as the height normalized by the equilibrium height. ¢' normalizes the time

I

t. (5.38)

with the time to reach the static state and a factor of 3.62 (calculated using e = 0.01). Thus,
from Eq. (5.34) it can be derived that if ¢T is larger than 3.62 a static state is reached as shown
in Fig. 5.4.

Using these dimensionless numbers the Lucas-Washburn equation in Eq. (5.5) as well as the

extended solution in Eq. (5.23) can be made dimensionless providing
ht = V2tt, (5.39)
for the Lucas-Washburn equation and
W=1+Ww (—e*“”) (5.40)

for the extended solution including the gravity term. Fig. 5.4 shows that in the beginning the
Lucas-Washburn solution fits good to the extended solution in Eq. (5.23), however tends to
deviate to higher values for longer times since gravity is neglected. In anticipation of later
results Fig. 5.6 displays a close up of the relevant region. For ' > 3.62 the extended solution
reaches a static state. Regarding the velocity of the extended solution in Eq. (5.36) one may

derive a dimensionless number for the flow velocity, the “capillary velocity number” vf

_bh _ 8hu . ¢hp

T
v = = ) 5.41
c  pgR*  pgK (541)
v' can be interpreted as viscous forces in relation to gravity forces
Ca
[ 5.42
V=50 (5.42)

Using t' and v' the flow velocity can be rewritten as

/1
T —
ol = 57 (5.43)
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Figure 5.4: Dimensionless representation of the Lucas-Washburn equation and the extended

solution Eq. (5.23). The static state is reached for ¢7 > 3.62.

for the Lucas-Washburn equation and

o 1—+W W((eeltt?) (5.44)

for the extended solution including the gravity term. These results are plotted in Fig. 5.5.

5.4 Validity of the Lucas-Washburn equation

When comparing the Lucas-Washburn equation Eq. (5.5) and the extended solution Eq. (5.23)
one may notice that the Lucas-Washburn equation is preferable due to its simplicity, however, it
is not valid for increasing time. The following chapter discusses a method for deciding to which
time t,, the Lucas-Washburn equation may be used when taking into account an acceptable
error. For times t > t, the extended solution including gravity has to be considered. This
chapter intends to give more insight to this question. If the acceptable discrepancy is - for

example - 1% one may write:

(100% - 1%) hLucas Washburn — hemtended solution (545)
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Figure 5.5: Dimensionless representation of the flow velocity calculated by differentiating the

Lucas-Washburn equation and the extended solution Eq. (5.23).

equal to
2 1 _1_@
(1= 0.01) )/ Zto = - [1 W <—e i )} , (5.46)
c
with
/ /aR cos(f (5.47)
representing the Lucas-Washburn equation Eq. (5.5). To solve the transcendental equation Eq.

(5.46) for t,, the following approach is used. Con81der1ng the dimensionless number ¢’ one may

assume that the solution ¢,, of Eq. (5.46) can be expressed by means of this number

b=t 2 (5.48)

w 27
with ¢ being the unknown value. Substituting t,, in Eq. (5.46) gives
0.99\/2th =1+ W (—e*HL> . (5.49)

This transcendental equation can now be solved by means of numerical methods giving ! =
0.0004523. Thus the Lucas-Washburn equation can be used up to t = 0.0004523 a/b? if an error
of 1% is accepted. At this point, the height reached may again be expressed in terms of A

hl = i

=W (~e ). (5.50)
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Figure 5.6: Dimensionless representation of the Lucas-Washburn equation and the extended

solution Eq. (5.23). The mark represents 10% deviation.

giving hi, = hy/heq = 0.029775 for an error of 1%. Values for further errors are given in Table
5.1. Generalizing, it can be concluded that under gravity the Lucas-Washburn equation can be
used up to about 10% of the equilibrium height. At this height an error of 3.54% is made. In

anticipation of later results the criterion is applied to experimental data in Fig. 7.7.

Table 5.1: Further values for different errors.
error  t =t, /b hl = hy/he
1% 0.0004523 0.029775
3.54%  0.0053605 0.1
5% 0.0115465 0.144366
10% 0.0475088 0.277424

5.5 Experimental evidence

To verify the obtained results the investigation done by Stange [95] can be used as a benchmark.

He examines the fluid rise in capillary tubes made of borosilicate glass with different radii.
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Figure 5.7: Dimensionless experimental results (1 # 0) by Stange [95] as described in Table
5.2. Extended solution denotes Eq. (5.23).

Also the angle of inclination 1, as introduced in section 2.4.5, is varied. Two different liquids,
silicone fluid (SF 1.0) and Fluorinert engineering fluid (FC 77) are used. The liquid properties
given by Stange [95] for the corresponding experiment temperatures are applied. The height
recordings are performed by optical means and are plotted in dimensionless form in Fig. 5.7.
The previously introduced dimensionless capillary height number A" and the capillary time

number ¢ are used.

Table 5.2: Experimental data by Stange.

Name Inner radius Fluid Inclin. v 6

Expl  0.088 mm SF1 32.3° 16.3°
Exp2  0.104 mm FCr7  32.3° 28.0°
Exp3  0.1405 mm SF1 88.7° 16.3°

From the dimensionless plot it can be seen that the experimental data by Stange matches the
values predicted by the extended solution Eq. (5.23). Especially for the static state values a

good consistency can be observed. For t' between 0.2 and 1.4 some deviation to lower results
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can be seen. This may be explained by the assumptions taken, e.g. the neglect of entry effects

or assuming a constant contact angle.

5.6 Evaluation for a general initial condition

In this section, the phenomenon of a falling capillary meniscus is investigated. This occurs if
the initial position of the meniscus is above the equilibrium height. The equilibrium height is
defined as the level where all forces are balanced and thus no movement of the meniscus occurs,
e.g. the capillary pressure is equal to the hydrostatic pressure. A scenario for capillary fall in
a tube could be a sudden increase of acceleration: If a capillary tube is filled with liquid in
weightlessness (e.g. onboard a spacecraft) a hydrostatic pressure will build if the spacecrafts
thrusters fire during a maneuver and the setup is exposed to acceleration. Depending on the
tube diameter and the acceleration, the resulting equilibrium height may be “below” the actual
meniscus position and a downward motion will evolve. The following brief literature review
shall give an overview of some of the research done on capillary fall and drainage: In 1955
Batel [6] investigates the humidity remaining after drying in a centrifuge, but also gives an
equation describing the dynamics of liquid drainage. Nenniger and Storrow [33] present an
analytical model and a comparison with experimental results of the drainage of packed beds.
Mason and Mellor [69] use simulations to investigate drainage and imbibition in a random
packing of spheres. Schaefer et al. [84] experimentally determine the drainage of sand columns,
further work by other authors is given in [10, 34, 63]. In 2002 Lorenceau et al. [60] focus on
vertical pipes and gravitational oscillations. It is concluded that the viscosity of the fluid is of
major importance and several mathematical models are presented. The problem of capillary
fall has also been addressed by Schéffer and Wong [85], however mainly to investigate the
stick-slip behavior on rough surfaces. In 1998, they investigate the dynamics of contact line
pinning in capillary rise and fall. In glass capillaries with a rough surface they find stick-slip
behavior, however for smooth surfaces no pinning is observed. In 2000, Schéffer and Wong
[86] give further results on this topic and discuss differences between theory and experimental
observations. They conclude that the dynamics of capillary fall and capillary rise differ due
to the invisible liquid film coating the surface during capillary fall [109]. In a recent paper
Fries and Dreyer [35] use the 1D momentum balance of a liquid in a porous medium to derive
an analytical solution to the problem of capillary rise affected by gravity. In this section the
application of the solution to a broader set of capillary flows such as rise, fall and drainage is

discussed.
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The basis for the calculations presented in the following is Eq. (5.8)

L
bh

h=—— (5.51)

SO

Here it is important to mention again that the assumptions described in section 2.4.6 are taken.
Also, in this chapter on the gravitational regime, all inertial forces (local and convective) are
neglected. For certain cases it might be of interest to consider a more general definition of the

previously used initial condition (h(t — 0) = 0) like (see Fig. 5.8)

This leads to
1 .
h(t) = = {1+ W [(—1 + cho)e Teili=to)tho) ]} (5.53)
C

as is shown in section A.5. Regarding Eq. (5.53) it can be seen that for t¢ = 0 and hy = 0
the expression is equal to Eq. (5.23), the extended solution derived before. Varying t, will
simply shift the begin of the motion on the time axis. It is more interesting to determine the
effect of varying initial height hg, and therefore to find a dimensionless parameter reflecting

this variable. Concerning the parameter hy one may define

h
§=chy=-—. (5.54)
Req

Thus, as hg refers to the initial height, the following interpretation can be given: as 1/c is the
equilibrium height, 0 is the initial height normalized by the equilibrium height. When ¢ is equal
to zero the initial height is zero and “normal” capillary rise occurs. If § is 0.5 the initial height
is already 50% of the equilibrium height and the liquid only has to rise by another half to reach
equilibrium state. When 6 = 1 the liquid is already at equilibrium and no further movement
will occur. Finally, when the initial liquid height is above the equilibrium height (§ > 1) the
fluid will move downwards and approach the equilibrium height from above.

With the parameters introduced above, Eq. (5.53) can be rewritten as
W=14+W |6 —1)e 1. (5.55)

Again, viscous effects and gravity are applied as scaling forces to obtain Af and ¢! as shown in
section 3.2.1. The implicit ¢(h) solution of Eq. (5.53) has been used in dimensional form by
Washburn [104] and Batel [6]. Wong and Schéffer [109] also evaluate the experimental results in
smooth capillary tubes with this equation. Printing Eq. (5.55) with varying normalized initial
heights ¢ yields Fig. 5.9. The lower part of the diagram (6 < 1) refers to capillary rise, while
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Figure 5.8: Schematic drawing of an experiment with initial position above the equilibrium
height. At ¢ = 0 the upper seal is opened. hy denotes the initial height while h., is the
equilibrium height.

the upper part refers to capillary fall. It is notable that the upper part is not just a simple
reflection of the lower one. This is physically accounted for in a longer liquid column for the
upper case than for the lower one. This results in higher viscous effects and thus the meniscus
will take longer time to reach the equilibrium height.

For completeness it shall be mentioned that for the rising and falling case different inflow
and outflow conditions may occur at the tube end. Besides the fact that inertia (local and
convective) are not considered in the presented model, for the descending case the h? term in

the momentum balance Eq. (2.44) may be neglected as discussed in section 2.4.4.2.

5.6.1 Time to reach the equilibrium height

As the meniscus approaches the equilibrium height, its velocity decreases. Finally the movement
is so slow, that one may consider this a static state. In this chapter the time necessary for the
liquid to reach 99% (capillary rise), or 101% (fall) of the equilibrium height is determined.
Setting h' in Eq. (5.55) to 0.99 or 1.01 gives

—0.0099005

tH=6-1-1
s TS

(5.56)

for 0 < 9 <0.99 (capillary rise), and

0.0101

th=6-1-1
s S

(5.57)
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Figure 5.9: Dimensionless analytical solution plotted for different dimensionless initial heights

0. The lower part of the diagram refers to capillary rise while the upper one describes capillary

fall.

for 1.01 < ¢ (capillary fall), respectively. These solutions are plotted in Fig 5.10. Again, due

to the reasons given at the end of the previous section there is no symmetry axis at 6 = 1.

5.6.2 Comparison with experimental results from literature

In this section the analytical solution Eq. (5.55) is compared to experimental results taken
from literature [85]. Fig. 5.11 shows the dynamic behavior of water in a 250 pm diameter
smooth surface glass tube. The dots refer to values obtained by Schéffer and Wong from
image recordings, while the lines depict the calculated movement with the presented analytical
solution. Two different cases are plotted, one featuring an initial position below the equilibrium
height (capillary rise) and one starting above the equilibrium height (capillary fall). As can be
seen from Fig. 5.11, the calculated lines match the experimental results fairly well. Especially
for capillary fall, good consistency is observed, while there are some deviations for capillary rise.
These deviations may be explained by the assumption made, especially choosing a constant
contact angle of # = 0. The receding contact angle for the capillary fall may match this

assumption well, however the dynamic advancing contact angle for the capillary rise may differ.
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Figure 5.10: Dimensionless time t{ to reach static state as a function of dimensionless initial

height 9.

Wong and Schéffer [109] also discuss the deviations. They find that an invisible liquid film
coating the surface during capillary fall can explain the difference between the rise and fall
process. Good agreement is eventually reached in the comparison for the final equilibrium

height for both cases.

5.7 Conclusion

A method for deriving an analytical solution to the momentum balance of a liquid in a capillary
tube or porous medium is presented. The well-established Lucas-Washburn equation is shown
as well as an extended solution introduced which is obtained by mathematical rearrangement of
the implicit Washburn solution. The extended solution includes the gravity term (hydrostatic
pressure) and enables the calculation of the liquid rise behavior for longer times. The time
necessary to reach a static state is examined and several relevant dimensionless numbers are
found. By means of these numbers, a dimensionless plot of the Lucas-Washburn equation and
the extended solution including gravity is plotted. The flow velocity is obtained by differenti-
ating the height and a dimensionless number for its description is found. Also the error made

when neglecting gravity and using the Lucas-Washburn equation is determined. Furthermore,
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Figure 5.11: Comparison of experimental results by Schéffer and Wong [85] (water in 250 pum

diameter glass capillary) and the presented analytical solution.

an analytical solution for a more general initial condition is introduced which allows to evaluate
the capillary fall of liquids. This is also discussed by means of dimensionless numbers and a
plot showing the rise and fall regime is presented. A comparison of the derived mathematical

solution with experimental literature values shows fairly good agreement.
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Chapter 6

A basic macroscopic numerical

simulation with FLOW-3D

To analyze the wicking of liquids into porous materials one can either perform experiments,
use analytical models, or perform numerical simulations. Prior to considering a simulation tool
reliable, a simple test case should be simulated for testing the model. Comparing the numerical
results with experimental results allows to verify the model including the corresponding param-
eters. In this chapter the commercial CFD software FLOW-3D is used for a brief description
and verification of its implemented porous media model. This solver is able to run a direct
microscopic simulation of the wicking process as it occurs in porous media. For this kind of
setup it is necessary to import the exact geometry of the porous structure with the individual
pores and to define the surface tension, surface contact angle, density and viscosity of the liquid.
Using free surface calculation methods the solver can simulate the wicking in every single pore.
This technique, however, has some limitations, in particular when it comes to the simulation
of a complete porous medium and not just an elementary cell. Due to the small size of the
pores (some pum) in comparison to the typical relevant size of a porous medium (~50 mm),
high numbers of meshing cells are necessary to resolve the individual pores and their charac-
teristic geometry. Even when using new computer hardware the available calculation power is
not sufficient to simulate wicking within reasonable time (e.g. several days calculation time).
A first option to solve this problem is to conduct a microscopic numerical simulation of only a
small, representative volume of the structure. The pore structure parameters K, R, and ¢ can
be extracted from this microscopic simulation and then be used in a macroscopic simulation.
The second option, which will be applied in the following, is to use experimental data to extract

these parameters. FLOW-3D features a macroscopic porosity model, which does not simulate
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Figure 6.1: Digital representation of a D'TW 200x1400 weave showing its microscopic structure.

the wicking of the liquid into the individual pores, but it uses integral (macroscopic) capillary
pressure and flow resistance models to calculate the overall behavior of a porous medium in
contact with a wetting liquid. Therefore much less cells are necessary when compared to a
microscopic simulation, which drastically decreases the required calculation time. FLOW-3D
solver 9.0.2 and interface 9.0.3 are used, applying the incompressible one fluid model with grav-
ity effects (when desired). As the interface between wetted and dry medium is assumed to
be sharp, no unsaturated flow occurs. So, choosing the volume fraction dependent model is a
possible option for wicking simulation. This model uses the following drag correlation: In the
modified Navier-Stokes equations solved by FLOW-3D (see FLOW-3D user manual v93 section
3.3.12) a term — Ky v; is added to the right hand side to account for flow losses in porous media
or baffles. Here v; is the interstitial flow velocity and K is a drag coefficient. For the volume
fraction dependent model:

K;=apV ™, (6.1)

Setting bp to 0 renders K independent of the volume fraction V' and thus gives a constant

factor Ky = ap. When using the Darcy drag model

1 ¢
Ap = pho, K= pho; 174 (6.2)
leads to
no ¢
oY _ 7 6.3
w="KVE (6.3)

Here, h is not needed in the factor whereas density p is required. The capillary pressure is
calculated in analogy to Eq. (2.27), whereas in FLOW-3D it is defined to be positive

20c0s(0)
Ap = ———=. A4
p R (6.4)

Considering these coefficients, the porosity and the capillary pressure can be entered in the

porous media folder under “meshing and geometry”. In the following some simulation results
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Figure 6.2: Fluid mass / width inside the weave plotted versus elapsed time. The points refer
to the solutions by FLOW-3D, lines to the analytical solutions Eqs. (5.5) and (5.23). See Table

6.1 for simulation settings.

of HFE-7500 liquid wicking into a DTW 200x1400 metallic weave (warp direction) shall be
presented. Here, two different cases with and without gravity are considered. The material
properties like permeability etc. are taken from the experimental results presented in the next
chapter (Table 7.8, mass method). The numerical results by FLOW-3D are compared to
solutions of the momentum balance to verify the porous media model. The initial condition is a
dry porous structure, where the boundary condition includes one boundary with a fluid fraction
that is set to one to simulate the contact with the liquid reservoir. It is worth noting that the
fluid volume which enters the weave is the main output parameter as it can be related to the
wicking height and the fluid mass. It can be obtained in the postprocessing from the probe /
general history / volume of fluid data. Fig. 6.2 shows a mass vs. time plot of the FLOW-3D
simulations in comparison to the predicted values of the Lucas-Washburn equation, Eq. (5.5),
neglecting gravity and the extended solution Eq. (5.23) including gravity.

A very good consistency with the simulated values of FLOW-3D can be seen, although the
CFD data deviates minimally to lower values. This may be traced back to the inertia term

which is considered in the FLOW-3D setup, while the analytical equations neglect it.
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Table 6.1: Settings of the simulated wicking of HFE-7500 into a DTW 200x1400 metallic weave

(warp direction) as presented in Fig. 6.2.

Fluid properties (see Table 7.2)

Density p 1610 [kg/m?]
Viscosity p 1.24 [mPas]
Surface tension o 16.2 [mN/m]
Porous solid properties (see Table 7.8)

Static radius R, 13.7 [pm]
Contact angle 6 0° [-]
Capillary pressure Ap 2365 [Pa]
Porosity ¢ 0.24 [-]
Permeability K 0.73 [pm?]
Coefficient ap 253212 [1/5]
Coefficient bp 0[]
Geometry

Sample size in = axis 25 [mm)|
Number of cells in = axis 74 [-]
Sample size in y axis 0.149 [mm]
Number of cells in y axis 1 [-]

Sample size in z axis 50 [mm)]
Number of cells in z axis 149 []

Boundary conditions
Condition at “z min”

Other boundaries

Specified pressure with F fraction = 1

Default symmetry

Solver settings
Pressure solver
Viscous stress solver
VOF advection
Momentum advection

Fluid flow solver

Implicit SOR
Explicit
Automatic
First order

Solve momentum and continuity eq.
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Chapter 7

Linear capillary rise and the effect of

evaporation

7.1 Introduction

The following chapter is based on the publication “The Effect of Evaporation on the Wicking
of Liquids into a Metallic Weave” by N. Fries, K. Odic, M. Conrath and M. Dreyer [38]. As
presented in the introduction (chapter 1.1), spacecraft Propellant Management Devices often
use metallic screens to provide gas free delivery of propellant during all acceleration conditions
of the flight. The screens are made of metal weaves and form passive surface tension devices.
They allow propellant to penetrate but prevent gas from entering below a critical bubble point
pressure. This mechanism requires the weave to be always saturated with propellant. If the
screen is partially dry, wicking can be regarded as a self healing mechanism to restore saturation.
Here, wicking performance strongly depends on the degree of evaporation from the porous
screen. This is the motivation for this chapter, which shows how properties like the permeability
of the weave are experimentally investigated, and which presents a new evaporation model that
allows to predict the effect of evaporation on the capillary rise process. In addition to the

investigation of a metallic weave, the capillary rise in porous filter frits is examined.

7.2 Applicable equations (no evaporation)

When a liquid encounters a solid medium (as shown schematically in Figs. 7.3 and 7.4), and the
surface energies provide a contact angle smaller than 90°, a meniscus will rapidly form on the

external surface of the structure. This process is called wetting and is applied in the Wilhelmy
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plate method to measure surface tension. Here, the force acting on a plate in contact with a
liquid is given by
F = Pyocos(0), (7.1)

with B, = 2(w + T') being the perimeter, w the width and 7" the thickness of the plate. If the
solid medium is porous there will be also an internal wicking in addition to the external wetting.
Both processes rely on the capillary pressure, but in contrast to the wetting process the internal
menisci that drive the wicking are bound to the pore radius R,;. The internal wicking process
has been discussed in the previous chapters, and the momentum balance featuring the Darcy

law as introduced in section 2.5 is applied

d(hh) 20 cos(0)  ouh .
— : 2
7 R + I h + pgh (7.2)

To extract the pore structure parameters K, R and ¢ (see section 2.2) from capillary rise
measurements some of the equations derived in the theoretical chapters of this book will be
applied. For the convenience of the reader these shall be briefly reviewed in the following. As
the structures investigated here typically feature pore sizes in the range of some pm inertial
forces (local and convective) can be neglected for the relevant time stages (see section 3.2.1 for
an evaluation of the influence of inertia). As discussed in chapter 5 on cases including gravity,
an analytical solution to the momentum balance including capillary, viscous and hydrostatic

forces can be given (see Eq. (5.23))

L [1 LW (—e—l—%)] . (7.3)

ht) = -
0)=>
From this the equilibrium height for ¢ — oo can be calculated (see Eq. (5.27))

1 20 cos(fs)

h
c pgRs

(7.4)

eq —

This equation allows to determine the static radius R, if the liquid properties and h., are
known. To determine the parameter K, Eq. (7.3) may be fitted to the experimental rise data
(see Fig. 7.12). However, a more convenient way is to use experimental data with h < 0.1 he,.
For this case, as discussed in section 5.4, gravity can be neglected accepting a minor error
(3.54%). Thus a solution to the momentum balance including only capillary and viscous forces,
the famous Lucas-Washburn equation Eq. (5.5), can be applied
, 4o cos(s) K "
no oR,

This equation shows that, for its area of validity, there is a linear correlation between h? and

h

(7.5)

t, which easily allows to extract the conglomerate of parameters K/(¢Rs). A further method
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to determine K is to apply a defined pressure difference to a porous structure and measure the
resulting flow rate. This was proposed by Darcy [24] as described in section 2.2.2.

To relate the imbibed fluid mass to the observed wicking height the following linear relation is
assumed to hold

m = ¢ pAyh. (7.6)

Here, Ay, = wT denotes the cross sectional area of the specimen. This equation can be applied
to extract the porosity ¢ as discussed in section 7.3.4. With Eq. (7.6) the Lucas-Washburn
equation Eq. (7.5) can be modified to give the mass gain m instead of the height h, resulting
in

4o cos(bs) K
2 2 s
= (A t.
m” = (Aygp) R,

Finally all pore structure parameters can now be extracted from experimental data. R from

(7.7)

the maximum height, ¢ using a mass measurement (see Fig. 7.9), and K using the capillary

rise rate and the other parameters.

7.3 Experiments

7.3.1 Porous materials and fluid properties

Experiments were performed with a Dutch Twilled Weave (DTW) screen (see Fig. 7.1) typical
for the use within PMDs, and filter frits with a chalk like appearance made of borosilicate glass
(see Fig. 2.1 b). Filter frits are commercially available porous materials, which can be supplied
with different pore sizes ranging from some pm (class P5) to several hundred pum (class P0). As
they are standardized (P0O-P5), inexpensive and can be machined into different specimen sizes
and forms they can be regarded as an ideal material for capillary rise examinations in porous
structures. Some parameters for the different classes are shown in Table 7.1.

Test liquids with similar physical properties as typical propellants for satellites (see Table 7.2)
are used. All liquids used in the experiments feature a near zero contact angle with respect
to the weave material, but different vapor pressures which allows to investigate the effect of
evaporation. As the static contact angle 6 between all test liquids and the weave is near zero,
cos(fs) is assumed to be equal to one for all experiment evaluations. Contrary to this, for the
borosilicate glass frits and SF 0.65 test liquid a contact angle of ;, = 16.3° as found by Stange
[95] is applied.

The porous screen is a Dutch Twilled Weave (DTW) 200 x 1400 supplied by Sporl KG, Ger-

many (Fig. 7.1 and Table 7.3). The samples are laser-cut to rectangular shapes with precise
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Table 7.1: Characterization of the glass filter frits. The data is extracted from diagrams
provided by the supplier (ROBU Glasfilter GmbH, Germany). Rs, denotes the pore radius

where 50 % of the pores are smaller (or larger) compared to this radius.

Filter frit type pore diameter [um] Rso [pm] ¢ [

PO 160-250 95 0.33
P1 100-160 65 0.34
P2 40-100 35 0.36
P3 16-40 12 0.41
P4 10-16 2.5 0.42
P5 1-1.6 0.675 0.48

Table 7.2: Fluid properties at 25 °C. Source: product data sheet of the listed liquids (3M for
HFE 7500, FC-77, FC-72, FC-87 and Dow Corning for Silicone Fluid 0.65).

o P M Do
1073 [N/m] [kg/m3] 1073 [Pas] 103 [Pa]
SF 0.65 15.9 758 0.49 4.4
HFE-7500 16.2 1610 1.24 2.1
FC-77 15.0 1780 1.28 5.6
FC-72 12.0 1680 0.64 30.9
FC-87 9.0 1650 0.45 81.1

dimensions (H = 50 mm by w = 10,14, 16 or 18 mm). They either have the warp wires or
the weft wires running perpendicular to the screen width. If the wicking process is occurring
parallel to the warp wires the flow is defined to be in warp direction, if parallel to the weft wires
in weft direction. The microstructure quality of each specimen is checked using a microscope
to detect any defects at the edges of the sample. Subsequently, the selected weave undergoes
a cleaning protocol that removes any dust or grease left on the surface or in the interstices.
This is performed using an ultrasonic bath with the metal cleaner Turco (supplier: Henkel AG,

Germany).
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Figure 7.1: Drawing of the microstructure (left) and photograph (right) of the Dutch-Twilled

weave (DTW) 200 x 1400.

Table 7.3: Properties of the weave.

weave material

AISI 304 L

(stainless steel)

type
200 x 1400

Dutch Twilled Weave
200 warp wires/inch

1400 weft wires/inch

warp wire diameter [pm]
weft wire diameter [pm]
H: weave height [mm]

T: weave thickness [pum]

w: weave width [mm]

70

40

50 +0.01

149 +1
(10,14,16,18) +0.01
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d test-chamber

Figure 7.2: Photography of the wicking experimental setup.

7.3.2 Experimental setup and data acquisition
Fig. 7.2 displays an overview of the wicking experimental setup. Basically the setup consists of

e a rectangular test chamber (50x50 mm? base area, 90 mm height) that contains the test

liquid and the specimen suspended above the liquid surface,
e a video camera to record the wicking liquid front height versus time,

e an electronic balance with an accuracy of £0.3 mg to which the specimen is attached by

threads.

Fig. 7.3 shows a sketch of the arrangement. The weave is positioned for 1 hour above the
test liquid surface prior to the experiment start. During this time no increase in the sample
mass is recorded for all test liquids which means no significant capillary condensation occurs
in the weave. For experiments with filter frits the waiting period is less important as due to
their higher thickness evaporation is of less importance when compared to the very thin weaves.
Again, for filter frits no increase in mass was observed before contact with the liquid.

The test chamber is closed, however there are two holes in the cover to attach the specimen to

the balance. Vapor diffusion through these holes can be adjusted as the size of the holes can
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Figure 7.3: Sketch of the test chamber prior to wicking experiments.
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Figure 7.4: Coordinates applied to the weave sample.

be varied to investigate different evaporation rates. To further increase the evaporation rate
the sealing top can be left open. The gaseous environment is therefore composed of air and
vapor of the test liquid. The recording of the wicking front is done with a camera at 25 Hz.
The resolution of the camera and the lens is 0.07 mm/pixel. The balance can be precisely and
continuously moved up and down by means of an automated lift in order to sink the specimen
into the test liquid with a constant velocity of 1 mm/s. Data acquisition is controlled using the
commercial software LabVIEW. The applied coordinate system is illustrated by Fig. 7.4 where
the weave is immersed in the test liquid. Here, h,,; is the height due to the wicking process. h;
is the immersion depth of the weave in the liquid, a safety length to ensure contact with the

test liquid: hA; &~ 0.55 mm. hg is the height up to which the specimen is covered with liquid due
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Figure 7.5: Subsequent series of images showing wicking of HFE-7500 into the weave.

to the wetting phenomenon. The overall height of the liquid front is the sum of two heights
h = hyi + ho, (7.8)

while h; contributes to a decrease in measured mass due to buoyancy.

7.3.3 DTW: capillary rise experiments - height approach

By measuring the equilibrium wicking height heq that occurs due to the balance between the
capillary and the gravity forces (see Eq. (7.4)), the static radius Rs can be calculated and
thus, knowing K /R, from an other experiment, the permeability K. The equilibrium height
is typically reached after about five days of liquid rise. In order to measure he,, an additional
larger scale setup is used as heq (depending on the liquid) is higher than the test chamber. The
larger setup did not feature a balance but was sealed to provide a saturated environment. Due
to their high volatilities no experiments were conducted with FC-72 and FC-87. Also, as noted
by Kaya [52] (p.83) the experimental setup and the weave was not high enough to determine
the maximum height using SF 0.65 as a test liquid. The experimental results and the calculated
values of R are presented in Table 7.4. Note that in [52] Kaya obtains a slightly different R
value for FC-77 due to usage of different liquid properties. On the right hand side of Table 7.4
a mean value for bubble point measurements performed with HFE-7500, SF 0.65 and Turco
[72] is shown. The data is obtained using a commercially available pore size meter PSM 165
by Topas GmbH, Germany. This device determines the bubble point pressure and allows to
calculate the maximum pore size from that measurement. It can be seen that the obtained
value fits in between the R, data obtained by the maximum height method.

From Table 7.4 it can be seen that the calculated value of Rs can deviate significantly from

measurement to measurement. In anticipation of a later comparison with literature values
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Table 7.4: Measured equilibrium heights for different test liquids in a closed large test chamber.
The second line displays the corresponding calculated values of R, using the liquid properties
of Table 7.2. For comparison, on the right hand side data from bubble point measurements [72]
is presented.

Fluid HFE-7500 (expl) HFE-7500 (exp2) [52] FC-77 [52] | R (bubble point) [72]

heq [mm] 150 + 10 210 £ 2.1 180 + 1.8 -

R [pm] 13.7 £ 0.95 9.77 £ 0.1 9.54 +£ 0.1 10.08 £ 0.8

(see Table 7.8) it can be stated that even larger deviations of this value occur in the literature,
which can be traced back to the significant impact of evaporation [38]. Though the experiments
presented here (Table 7.4) were conducted in a closed test chamber, evaporation may still occur
due to local temperature gradients. In the following, to be consistent with [38], a value of
R, = (13.7£0.95) um will be used. To extract the permeability K out of experimental results,
the linear part of h?(t) and m?(t) graphs can be used. In this domain of the wicking process
the influence of gravity is negligible. Using Eq. (7.5) the parameter K/R; is extracted from
the slope of the h%(t) curve. An image series of the wicking process is presented in Fig. 7.5.
The single frames of an image series are then processed with the commercial software MatLab
to extract the actual wicking height. At the liquid front line, a mean height out of all pixel
along the total width of the weave is calculated with a standard deviation of +5 pixel.

Fig. 7.6 shows the resulting time dependencies of the wicking height for three test liquids and a
16 mm wide screen. As expected the slope is much steeper in the beginning of the measurement
and decreases in time.

In Fig. 7.7, the squared height is plotted versus time. Near the origin a constant slope can be
seen where a linear regression curve is calculated using the method of least squares to extract
the pore parameters. For the linear regression the experimental values between the origin of
the curve and h up to about 10% of the equilibrium height h., are used. This is consistent
with the analytical considerations presented in section 5.4, where it is predicted that for h up
to 10% of h., gravity can be neglected accepting a minor error (3.54%). For SF 0.65 h., = 312
mm is calculated using R, = 13.7 pm. It is visible in Fig. 7.7 that for A > 0.1 k., the meniscus
heights of SF 0.65 deviate to lower values than predicted by the linear regression. This is in

agreement with the analytical models and can be traced back to the influence of gravity.
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Figure 7.6: Wicking height raw data (w = 16 mm, warp direction) with error bars (standard

deviation is £5 pixel).
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Figure 7.7: Squared height over time (w = 16 mm, warp direction) with linear fitting (no error

bars for graph clarity). Mark at A = 0.1 h,, for SF 0.65. For higher values of h gravity has to

be taken into account, the linear regression overestimates the values.
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Table 7.5: K/Rg calculated from height measurements (w = 16 mm, warp direction). Number
in brackets is the correlation coefficient r2, 4 refers to the standard deviation. K calculated

with Ry = 13.7 pm.

K/R, (experimental) [um] K [pm?]

SF 0.65 0.0589 (0.995) 0.81
HFE-7500 0.0448 (0.997) 0.61
FC-77 0.0506 (0.992) 0.69
Average 0.0514 £0.0071 0.70 £0.10

Table 7.5 contains the K /R, results for different fluids and their correlation coefficient. The
values from Table 7.5 reveal that there is a small deviation between the measurements made with
different liquids. The average is K/R, = 0.0514 ym with a standard deviation of 0.0071 pm.
Further measurements were also conducted using weaves with different widths ranging from 10

to 18 mm but a comparison of the results showed no significant influence of the width.

7.3.4 DTW: capillary rise experiments - mass approach

The chronology of a mass measurement is shown in Fig. 7.8. The curve is divided into six
parts, describing the weave from the imbibition to the drying. At first, the weave is brought
into contact with the test liquid inducing the wetting process. The liquid will then start to wick
into the weave, while the mass will increase to finally reach a plateau value. In the absence
of evaporation this corresponds to the equilibrium state between capillary and hydrostatic
pressure. During the de-wetting the contact between weave and liquid is lost and the outer
meniscus detaches. Finally, the last step belongs to liquid evaporation out of the weave which
will only take place in unsaturated environments (e.g. open test chamber). This part of the
curve is of great interest to evaluate the evaporation rate and will be described in further detail
later. The result of a wicking mass versus wicking height measurement is shown in Fig. 7.9. It
verifies the linear behavior and furthermore allows to calculate the “wicking effective porosity”.
Other methods to measure or predict the porosity of a weave are discussed in section 2.2.1 or
by Armour and Cannon [2]. Using Eq. (7.6) the porosity can be calculated out of the slope
(see Fig. 7.9) to be ¢ = 0.24 £ 0.03. Kaya [52] (p.88) applied a different method to determine
the porosity, however, with fairly similar results. The weight of a completely dry specimen was

measured, then the specimen submerged into HFE-7500 (known density, see Table 7.2) until it
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Figure 7.8: Mass versus time curve (open test chamber). Imbibition of a weave (50x16 mm)
by HFE-7500. The “de-wetting mass” is measured to be 0.0613 g, while the Wilhelmy plate
method Eq. (7.1) predicts 0.0533 g.

was saturated. Finally the mass of the wet specimen was determined. The difference in mass
can be accounted to the liquid in the pores and by knowing the dimensions of the specimen
Eq. (2.1) was used to obtain ¢ = 0.247 £ 0.006 based on three experiments with different
specimen sizes. Comparing these results with the data provided by the supplier (Sporl KG,
Germany), ¢ = 0.33, shows that the measured, effective values are considerably lower than
the value provided by the supplier. However, the supplier does not state how the porosity was
measured or estimated and mark their value as approximate.

According to Eq. (7.7) mass measurements can be used to calculate pore structure parameters
like the permeability of the weave. The advantage of this “mass method” is that no image
processing is necessary to evaluate the wicking height from video recordings. When considering
experimental investigations using cryogenic liquids the mass method is an attractive alternative.
This results from a tendency of cryogenic liquids to render optical methods unpracticable due
to condensation on lenses. However, the mass method also features some disadvantages when
compared to the optical measurement. As the weave is basically a two dimensional medium

(0.15 mm thickness compared to 16 mm width) its wetted circumference is large compared to its
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Figure 7.9: Measurement of ¢: Liquid mass inside the weave versus wicking height (HFE-7500

in 16 mm wide sample, warp direction). Prediction using Eq. (7.6).

volume. Thus the initial effect of wetting, the attachment of an outer meniscus to the weave, is
a significant rise in mass when compared to the mass gain due to the wicking effect. As Fig. 7.8
illustrates, the wetting mass gain within a fraction of the first second is a significant portion of
the total mass gain. Also, when the weave is brought into contact with the liquid, both effects
occur at the same time. To obtain the “real wicking mass” the “de-wetting mass” (see Fig. 7.8)
is subtracted from the mass raw data, as the initial jump in mass (in Fig. 7.8 measured to be
0.0644 g) refers to both the wetting and wicking process. For the same case the “de-wetting
mass” is measured to be 0.0613 g. Using the Wilhelmy plate method Eq. (7.1) for an identical
setup gives a predicted force of 0.5232 mN, which is equal to a mass of 0.0533 g. Comparing
the predicted mass and the measured “de-wetting mass” shows that both are in fairly good
agreement. Analogous to the height method, Fig. 7.10 shows the squared wicking mass gain
plotted versus time. From the slope of the m?(t) curves the weave parameters presented in
Table 7.6 were calculated using Eq. (7.7). The values of Table 7.6 show good agreement with
the ones calculated with the height method (Table 7.5).

The results presented in Table 7.7 refer to the capillary rise in weft direction. It is assumed that
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Figure 7.10: Squared mass over time (warp direction) with linear fitting (no error bars for

graph clarity).

the static radius R, that defines the capillary pressure is equal for warp and weft direction. The
mass and height curves for the weft direction are fairly similar to the ones in warp direction,
however the liquid rises more slowly. This is due to the higher flow resistance in the weft
direction. This can also be seen by the permeability K in Table 7.7 which is about half the
value of K for the warp direction. An overview of the experimental findings is provided by
Table 7.8. It also shows a comparison of the obtained results with literature which verifies the
presented results to some extent. In his work [28] Dodge uses his experiments [29] - where
evaporation is not suppressed - as a reference. Thus, the higher evaporation rate may explain
the deviation. Dodge [28] does not use the pore parameters used in this work but his parameters

can be converted by the following correlations

() 2

—w _ 2 7.9

Dgp R (7.9)
and

Co ¢

Tl e (7.10)

Dodge [28] defines ® as a screen characteristic parameter (not the porosity), Dgp as the effective

pore diameter, C,, as a wicking friction parameter and By as the screen thickness. Symons [98]
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Table 7.6: K/Rs for the warp direction calculated from mass measurements (w = 18 mm).
Number in brackets is the correlation coefficient r2, 4+ refers to the standard deviation. K

calculated with Ry = 13.7 pm.

K/R,, warp [pm] K, warp [um?]

SF 0.65 0.0565 (0.993) 0.77
HFE-7500  0.0544 (0.996) 0.75
FC-77 0.0496 (0.999) 0.68

Average 0.0535 +0.0035 0.73 £0.05

uses a correlation constant c. For the static radius in warp direction Dodge obtains R, =
88.1 pum and 124.4 pm for the weft direction. Symons uses Ry = 7.0 um for warp and weft
direction alike, however this value is based on the manufacturer’s rated pore size. Altogether
it can be seen that there is fair agreement between the K /R values, however discrepancies for

the Ry results which may be explained by the sensitivity of the experiment to evaporation.

Table 7.7: K/R; for the weft direction calculated from mass measurements (w = 16 mm).
Numbers in brackets are correlation coefficients 72, + refers to the standard deviation. K

calculated with Ry = 13.7 pum.

K/Rg, weft [um] K, weft [pm?]

SF 0.65 0.0255 (0.987) 0.35
HFE-7500  0.0283 (0.996) 0.39
FC-77 0.0259 (0.998) 0.35

Average 0.0266 £0.0015 0.36 £0.02
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Table 7.8: Overview - experimental results for DTW 200x1400 and comparison with literature

(Dodge [28] and Symons [98]).

This work Dodge Symons
¢: porosity 0.24 £0.03 0.272
Rg[pm], warp 13.7 £0.95 88.1 7.0
R [pm), weft 13.7 £0.95 124.4 7.0

By height method  Dodge Symons
K[pm?], warp 0.70 £0.10

By mass method Dodge Symons
K|[pm?], warp 0.73 £0.05
K[pm?], weft 0.36 £0.02
K/Ry[pm], warp 0.0535 0.0408 0.0462
K/Ry[pm], weft 0.0266 0.0132 0.0150

7.3.5 Filter frits: capillary rise experiments - mass approach

In the following text some experiments conducted with glass filter frits (introduced previously
in section 7.3.1) are presented. The first aim is to derive their pore structure parameters K,
R, and ¢ for possible future applications of these materials. The second aim is to apply some
of the previously derived equations to the capillary rise of SF 0.65 in these structures.

In Fig. 7.11 some raw data from mass recordings are presented. Two different types of filter
frits are used, while SF 0.65 is the test liquid. The numbers denote: 1) The initial increase in
mass due to external wetting. It is, in proportion to the overall mass increase, considerably
smaller when compared to the thin, metallic weaves. 2) A plateau is reached: at this point
the complete specimen is filled with liquid, thus the wicking comes to a sudden stop. Note
that for the frit class P1 the plateau is not reached with a kink. Here it is the hydrostatic
pressure which limits the capillary rise. 3) At this point the porous specimen is lowered out of
the liquid. After an initial increase in mass the mass drops when the contact is lost. After this,
a very slow decrease in mass which can be attributed to evaporation can be observed (compare
to Fig. 7.8, which displays a much thinner weave). Table 7.9 displays the sizes of the samples
used for the capillary rise test. It also presents the actual measured de-wetting mass (plateau

to plateau) and the theoretical mass predicted by the Wilhelmy plate equation Eq. (7.1). It can
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Figure 7.11: Raw mass data recording for filter frits class P1 and P4 in SF 0.65. The numbers
denote stages of the experiment as described in the text. The precision of the balance is +0.3

mg, thus no error bars are visible. However, the error of repeatability is found to be ~10 %.

be seen that the actual mass is about two times the mass predicted by the Wilhelmy method.
It is assumed that this increase in mass is contributed by liquid below the porous sample raised
above mean liquid level, and not by the outer meniscus itself. This would also explain why this

additional mass is missing for the very thin metallic weaves previously investigated.

Table 7.10 presents some parameters extracted from the experimental data. The porosity ¢
is calculated using the mass inside the wetted structure and the volume of the structure. For
type PO the specimen is beforehand completely submerged in test liquid to ensure that it is
fully saturated, as the equilibrium height is lower that the height of the specimen. For the
other frit types the mass after the normal rise process is taken. The obtained value is in fairly
good agreement with the supplier specification, see Table 7.1. The value K/R; is determined
from the linear part of the capillary rise as previously introduced for metallic weaves (section
7.3.4). Two different types of radii are shown. The first is the static radius Ry, for P1 - P3
obtained from fitting Eq. (7.3). The second one is a radius denoted R (bubble point), which is

obtained from a different experimental setup. Here a commercially available device, the PSM
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Table 7.9: Specimen size of the used glass filter frit specimen.

Filter frit type height [mm| w [mm] 7 [mm| de-wetting m [g] Wilhelmy m [g]

PO 20 15.97 6.85 0.14 0.074
P1 20 14 6.33 0.14 0.066
P2 20 14 7.33 0.15 0.069
P3 20 14.8 5.9 0.09 0.066
P4 20 14.5 6 0.13 0.067
P5 49.5 14.75 5 0.09 0.064

165 by Topas GmbH, Germany, is used to determine the bubble point, see Meistering [72].
From this bubble point the radius of the largest pore can be extracted. Here, the mean value of
measurements using HFE-7500 and Topor test liquid [72] are used. For PO no value is provided
as the bubble point is lower than the allowed sensor reading of the device. Note that for class
P4 and P5 Ry is not determined by fitting of Eq. (7.3), as for these the curves using R from the
bubble point measurement already provides a fairly good agreement. Finally, Fig. 7.12 displays
the height calculated using the mass measurement and Eq. (7.6). Note that the capillary rise
always stops at h = 50 mm as this is the height of the specimen. The lines are a fit of the
analytical solution Eq. (7.3) including the Lambert W function. Fairly good agreement can be

observed.

Table 7.10: Overview of experimental results and the estimated errors for filter frits calculated

from mass measurements.

Filter frit type o [ K/R; [pm] R, [um] R (bubble point) [pm)] [72]
PO 0.28 £0.03  0.215 £0.031 - -

P1 0.35 £0.04  0.235 £0.036 50 £10 76.7 £7.6

P2 0.42 £0.04  0.187 £0.029 10 £2 37.7T £3.8

P3 0.41 £0.04 0.116 £0.018 7.4 £1.5 15.3 £1.5

P4 0.46 £0.05  0.083 £0.012 - 4.44 +£0.44

P5 0.50 £0.05 0.0594 £0.0089 - 3.74 £0.37
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Figure 7.12: h calculated from mass measurements of different filter frits in SF 0.65 (no error
bars for graph clarity). The lines denote a fit of Eq. (7.3), which includes capillary, viscous and

hydrostatic forces.

7.3.6 DTW: The effect of evaporation

Looking at Fig. 7.8, evaporation affects the periods 4 and 6. It is the only and therefore crucial
mechanism for the drying period 6, which is used for its measurement. It is characterized by
the evaporation rate mi, which is the mass of evaporated liquid per area and time [kg/m?s].
m. has to be calculated individually for each experiment as it depends on the used test liquid,
temperature and saturation of the surrounding air. To obtain different values of the evaporation
rate the size of a ventilation hole on top of the test chamber was varied. Assuming evaporation

from both sides of the weave the total mass flow due to evaporation is
M, = 2m.h(w + T). (7.11)

The evaporation mass curves can roughly be divided into two drying periods. The first part of
the curve is linear and corresponds to the drying when the weave is completely saturated. The
second part which is nonlinear reveals a reduction of the drying rate when the amount of liquid

is reduced below a certain level in the weave structure. As given by Kaviany [50], the liquid is
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Figure 7.13: Height calculated from mass recordings of HFE-7500 wicking into the weave. The
evaporation rate affects the reached height significantly. See Table 7.11 for further details.

trapped at this drying stage due to capillary forces. The effective evaporation rate which is of
interest to understand the capillary rise under the effect of evaporation is the linear part. It is
assumed that the weave, once the wicking front has passed, is completely saturated and thus
refers to this evaporation regime. As already mentioned by Symons [98], the wicking of a liquid
into a weave can be effected by evaporation or local heat sources. In this study no external heat
sources were applied. However, the experimental setup allowed to investigate the influence of
different evaporation rates on the capillary rise in warp direction. The evaporation occurs due
to the vapor pressure of the test liquids that leads to a layer of vapor over the weave surface.
Due to diffusion and convection the vapor is distributed in the surrounding air so that more
liquid can evaporate. It is assumed, since only relatively small amounts of liquid evaporate,
that the enthalpy of evaporation can be neglected when compared to the heat capacity of the
saturated weave and heat conduction from the gaseous species. Thus the structure is assumed
to be at constant temperature. As the weave is basically a two dimensional medium its outer
surface is large compared to its volume which transports the liquid internally. Thus, although
the evaporated amount of liquid may be comparably small, the effect of evaporation on the rise

process may be large. In Fig. 7.13 the different wicking heights of the test liquid HFE-7500
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are presented. The influence of evaporation is clearly visible. The experiments were either
performed by Odic, Kaya [52] or the author.
Knowing about the strong effect of evaporation it is of interest to develop a model capable of

explaining the process and allowing to predict the deviations from unaffected capillary rise.

7.4 Applicable equations (evaporation)

While the liquid rises in the metal weave it is exposed to the ambient atmosphere at the outer
pores. If the surrounding gas is not saturated with the vapor of the liquid, evaporation out
of these pores can occur. Due to the continuous loss of liquid due to evaporation the advance
of the liquid front line will be slower than in a setup without evaporation. In this chapter
the theoretical model given by Symons [98] is extended, which can then be used to explain
the experimental findings. For the model presented below the assumption has been made
that the evaporation is uniformly distributed and is given by the area normalized evaporation
rate m. [kg/m?s]. The evaporation rate is assumed to be constant m. = const. # f(h,z).
This assumption is valid if no point heat sources are affecting the local evaporation and if the
transport of the gaseous (evaporated) species away from the weave is not restricted by the build
up of a boundary layer (constant concentration gradient). Finally, the total evaporation mass
flow M, is given by Eq. (7.11) as stated in the previous chapter. Fig. 7.14 displays the integral
and differential mass balance of the weave. It can be seen that the total mass inflow M (z = 0)
is made up of two components - the mass flow necessary to supply the movement of the liquid

front M, ;, and the total evaporation mass flow M,. M ;, 1s given by
M; = ¢Ayph. (7.12)

Here, ¢ A, refers to the effective bottom area of the weave. Regarding Fig. 7.14, the differential

mass balance can be expressed as

dM(z) = M(z + dz) — M(z) = —1n.Pydz. (7.13)

When integrating and using the boundary condition that the total mass inflow at z = 0 must

be equal to Mh + M,, one obtains

M (z2) = M;, + 1. Byh (1 - %) . (7.14)

The local mass flow M(z) can now be given in form of a flow velocity which is then used to

calculate the viscous pressure loss. The flow velocity in the weave is composed of two parts. The
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Figure 7.14: Schematic drawing displaying the mass balance of a wicking process with evapo-

ration.

first part corresponds to the liquid front velocity h, which is constant over the weave height
as is M, ;- The second is the refill velocity v, to refill the evaporated liquid, which is height
dependent. Where the weave is in contact with the liquid surface (z = 0) the refill velocity

reaches its maximum value of
M,  m.Ph
Uro = = .
pPA,  pdpA,

The assumption of a constant evaporation rate at the outer weave surface leads to a linear

(7.15)

dependence of the refill velocity (see Eq. (7.14)) reading

z

vr(2) = v (1 — E> , (7.16)

thus it can be seen that v, linearly reduces to zero at the actual height h(t). Fig. 7.15 displays
the velocity distribution of the liquid inside the weave. The total velocity, made up by the front

line movement and the refill velocity can be given as

v(2) = h +v.(2). (7.17)
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Figure 7.15: Velocities involved in a wicking process with evaporation. The total velocity
consists of two components: a velocity A (constant over z, not constant over ¢) and a refill

velocity v, which depends on the height z and t.

The momentum balance for the case without evaporation is given in Eq. (2.49) as

d(hh) 20 cos(0)  puh .
— = — h + pgh. 7.18

P R T K pg (7.18)
As the investigated process is a fairly slow one, inertia can be neglected, however, one has to
take into account that the flow velocity in the wetted weave does not remain constant over

height. Thus the viscous term (Darcy law) has to be modified to read

ou o) ds = Ln (B0 7). (719

Thus, including the effect of evaporation, the final differential equation becomes

20 cos(6;) o} ome Py oy
it VA = —= 2 L _pe 2
R pgh—i—K,uhh—l— > A, Kh (7.20)

Comparing this equation to the momentum balance for porous media without evaporation (e.g.

Eq. (2.49)) shows that Eq. (7.20) neglects the local and convective acceleration terms, however,



106 CHAPTER 7. LINEAR CAPILLARY RISE AND THE EFFECT OF EVAPORATION

a term is added to the right hand side which takes into account the losses due to evaporation.

This equation can be transformed to the following form
h=———_—~h, (7.21)

which equals Eq. (5.8) with an additional term for the losses due to evaporation. The coefficients
b and ¢ as previously defined are used, where v (representing the evaporation term) is defined

as
_me(w—i-T)
- pwT¢

Setting 2 = 0 in Eq. (7.21) one finds maximum (equilibrium) heights for the following different

(7.22)

cases: 1) No evaporation occurs (v = 0) and only gravity restricts the maximum reachable
height, given by
1
hegp.c = p (7.23)

ii) No gravity (c = 0) is affecting the liquid rise, however evaporation has an effect resulting in

1
heqpy = \/ by (7.24)

iii) Both terms (gravity and evaporation) have to be considered leading to

—c c? 1

Begbory = — —_— —. 2
oy 267+ 4b272+67 (7.25)

iv) Finally no gravity and no evaporation restrict the capillary rise, hence there is no limit in

the maximum reachable height, as is also predicted by the Lucas-Washburn equation.

7.5 Analytical solution

Starting from Eq. (7.21) one can derive an analytical expression for the time needed to reach
a certain height of the liquid front #(h), accounting also for evaporation and gravity. Rewriting

Eq. (7.21) gives

/ _bthbf s 1dh = /1dt. (7.26)

The solution to the first integral is given by Bronstein and Semendjajew [13] using the following
definition

go b (7.27)
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Figure 7.16: Dimensionless height over time for different values of ®. The 0.99 h,, line is

introduced in the next section.

For U < 0 the total solution in terms of ¢ = t(h) is

—1 c 1 c
t=—1In(-—h*--h+-) - —nr="
27y n( K b b) 2byv/—W¥
ln(—wah—c—b\/—ﬁf) Lo
—2bvh —c+bv/—V

To calculate the unknown constant C, the initial condition h(t — 0) = 0 can be used to give

—c—by/—U

(7.28)

1 1 c
C=—In(|-|+ 1 ) 7.29
2y (b) /=T <—c+b\/—\17) (7.29)
Thus the final solution is
po L [—In (=byh? —ch+1)] - ———.
2 20/~
I [(—Qb’yh—c—b\/—_\ﬂ)(—c—i-b\/j)] (7.30)
(=2bvh — ¢+ by/=W)(—c — by/—V) | '

7.5.1 Dimensional analysis

To compare the experimental data obtained with different fluids or under different conditions

it is of great interest to have a set of dimensionless numbers to describe the problem. The
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method presented in chapter 3 is used, and by applying the scaling using viscous effects and

gravity as scaling forces gives h' and t' (see section 3.2.1, Eqs. (3.8) and (3.9))

pghRs

W =ch = 2278
¢ 20 cos(6)’

(7.31)

and
ct 0’¢> KR
th= " = °t. 7.32
b 2uocos(d) ¢ (7.32)

However, h! and t' are not able to reflect the influence of evaporation on the wicking behavior.
This can be done by relating the maximum reachable height with gravity and evaporation
(Eq. (7.25)) to the maximum reachable height without evaporation (Eq. (7.23)). Using this

approach a dimensionless “related maximum height” & is obtained

h —c c? 1
o= hqub” =c (26’7 T\t 5) . (7.33)
If @ is equal to zero no height is gained at all, the evaporation effect is so strong that it prevents
any capillary rise (m, — o0). If ® is equal to one, no evaporation occurs to restrict the capillary
rise (m, = 0). For values of ® in between, say 0.5, evaporation diminishes the reachable height
to half the value that could be gained without evaporation.
With these parameters one can draw a dimensionless plot of the numerical solutions of Eq.

(7.20) as shown in Figs. 7.16 and 7.17. The numerical solution of Eq. (7.20) is consistent with
the analytical one (Eq. (7.30)).

7.5.2 Time needed to reach 0.99 h,,

For infinite times the gained height converges to a maximum value h.,. From Figs. 7.16 and 7.17
it can be seen that after a certain time depending on the evaporation rate, the height reaches a
quasi steady state where no further increase in height occurs. For high evaporation rates (low
values of @) this state is reached earlier than for low evaporation rates (high values of ®). This
raises the question at what time the liquid stops rising and reaches 0.99 times its equilibrium
value he,. Using numerical methods, namely a tool written in C++-, the dimensionless time ¢} o
is found. It is defined as that time when 99% of the final height h., is reached. t} 40 depends
on the parameter ® as can also be seen in Figs. 7.16 and 7.17. A polynomial function of fourth

order is fitted to the numerically generated points which gives

1) 4 = 1.26820% + 0.21570°% + 2.1228% — 0.0102. (7.34)
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Figure 7.17: Close up of the solution displayed in Fig. 7.16 for shorter times.

The “0.99 he, line” in Figs. 7.16 and 7.17 refers to the inverted value Do.00(t} 99) assuming that
® is equal to h' when 99% of it is reached. Another interpretation of the steady state line is as
follows: If a liquid inside the weave is on the left hand side of the 0.99 h., line in the diagram,
it is still rising. If it is on the right hand of the line, it has already reached its final height A,

and remains static.

7.5.3 Evaluation of the model with experimental data (DTW)

In this section the evaporation model introduced on the previous pages shall be compared to
the experimental results obtained with the Dutch-Twilled-Weave 200x1400. The experiments
were either performed by Odic, Kaya [52] or the author. Figs. 7.18 and 7.19 show a compari-
son of experimental results and predicted values obtained with the presented model. Here the
experiments are abbreviated by the liquid used and numbers as explained in Table 7.11.

Figs. 7.18 and 7.19 show that in general the experimental results qualitatively follow the pre-
dicted values. However, there seems to be a trend that the mathematical model overestimates
the height. Table 7.12 displays the measured and predicted values of ® (Eq. (7.33)) to compare
the deviation between model and experiment. Apparently the calculated values are larger than
the measured ones as was seen from the comparison of the height curves. The average deviation

is found to be in the range of 20%. There are several parameters which could be the source of
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Figure 7.18: Dimensionless plot (small t') of experimental results (symbols) in comparison to
the values predicted by the model (lines). The ® = 1 line depicts the rise for both liquids with

no evaporation. See Table 7.11 for further details.

these deviations. A high influence can be assigned to the assumption of a constant evaporation
distribution all over the wet weave. If by some means the evaporation rate would be higher at
the top of the weave the refill velocity v,.(z) would not be a linear function of z and thus more
liquid would have to be transported to the top. This would lead to a higher pressure loss and
may thus explain the discrepancy between theory and experimental findings. As can be seen
in Table 7.11 the measured values of m, also deviate for similar chamber apertures and test
liquids. Though the deviation is not found to be in the range of some orders of magnitude, it
still shows that the experimental environment (e.g. convection) is not fully reproducible and
understood. Also the different levels of saturation are not considered in the presented model,
and the exact determination of the local evaporation rate and the effective evaporation surface
is not possible. In addition the contact angle is assumed to be constant and inertial forces (local
acceleration and convective) are neglected. This, however, should only be of importance for the
very early stages of the capillary rise. Despite the deviations the presented evaporation model
gives a far better prediction for the capillary rise than solutions neglecting evaporation (e.g.

Lucas-Washburn) and explains the experimental observations qualitatively. Also can be seen
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Figure 7.19: Dimensionless plot (large ') of experimental results (symbols) compared to the
analytical model (lines). See Table 7.11 for further details. The model tends to overestimate

the height.

that realistic evaporation rates may have a major impact on the reachable wicking height. For
example the last experiment shown in Table 7.12 (SF 0.65 exp1) has a measured ® of about 0.06.
This means the liquid reaches only 6% of the height that would be gained without evaporation!
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Table 7.11: Experiments performed using various test liquids.

specimen width w  chamber aperture  m, (measured) D uic.

o] mm? [ke/m?s] H
SF 0.65 expl 16 2500 7.40 x 107* 0.071
SF 0.65 exp2 18 55 4.68 x 1076 0.593
SF 0.65 exp3 18 2500 6.58 x 1074 0.075
HFE-7500 expl 16 55 7.10 x 1076 0.740
HFE-7500 exp2 16 2500 4.36 x 1074 0.169
HFE-7500 exp3 18 55 1.81 x 10°¢ 0.902
HFE-7500 exp4 18 2500 4.68 x 1074 0.164
FC-77 expl 16 2500 2.01 x 1073 0.098
FC-77 exp2 18 55 4.54 x 1076 0.847
FC-77 exp3 18 2500 1.21 x 1073 0.124
FC-72 expl 16 55 7.52 x 107° 0.529
FC-87 expl 16 55 1.66 x 1074 0.494

Table 7.12: Experimental values of ® compared to calculated ones.

(I)e:rp. (I)calc. q)e:pp./q)calc.
SF 0.65 expl 0.057 0.071 80.3 %
HFE-7500 exp2 0.12 0.169 71.0 %

FC-77 expl 0.059 0.098 60.2 %
FC-72 expl 0.43 0.529 81.3 %
FC-87 expl 0.40 0.494 80.9 %

average - - 4.7 %
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7.6 Conclusion

The wicking behavior of perfectly wetting liquids in metallic weaves is studied. By means
of the momentum balance the Lucas-Washburn equation and further analytical solutions are
introduced. An experimental setup using a vertically positioned weave is used to investigate
the wicking behavior of different liquids. The results are compared to analytical solutions and
good agreement between the Lucas-Washburn equation and the experimental data is found for
flow regimes where gravity and evaporation effects are negligible. From the measurements one
can determine the permeability and static radius (for the capillary pressure) of the structure.
No significant influence of the screen width onto the wicking process is found. However, the
capillary rise in warp direction occurs about twice as fast as in weft direction as the perme-
abilities also differ by about this factor due to the different thicknesses of the wires and the
weave structure. The results for the slope parameter K /R, are validated by previous literature,
but there are discrepancies for the static radius which may occur due to the sensitivity of the
experiment to evaporation. Therefore the effect of evaporation is investigated in more detail
and a model is developed to explain the observed effects. An analytical solution is presented
which includes both gravitational and evaporation effects in dimensionless form. Using the
introduced dimensionless parameters it is possible to plot all experimental data in a single di-
agram to compare different fluids and evaporation rates. The experimental data supports the
theoretical model, although it shows that the model tends to overestimate the reached height
by about 20%.

Future investigations on this topic call for an experimental environment with variable but
known ambient conditions to provide better insight into the effect of evaporation, but also to
understand the impact of convection. By comparing microscopic and macroscopic numerical
simulations (CFD) of two-species, two-phase systems to the obtained experimental data the
models can be validated. This is one of the proposed aims for the next generation of projects

within the framework of the Research Training Group PoreNet.
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Chapter 8

Radial capillary transport

Note on the following chapter

The following chapter is based on the joint publication “Radial capillary transport from an
infinite reservoir” by M. Conrath, N. Fries, M. Zhang and M.E. Dreyer [21]. The analytical
derivation and the dimensional analysis has been conducted by N. Fries while the experiments
and the data analysis has been realized by the coauthors. Still the experimental data will be
presented in the following chapter, as it provides a very useful validation of the theoretical
considerations. Furthermore, the author likes to express his thanks to his colleagues for the

fruitful cooperation and the interesting discussions.

8.1 Applicable equations

In this chapter a theoretical and experimental study on liquid wicking radially within a porous
filter paper from an (assumed) infinite reservoir is presented. The theoretical model predicts
both outward and inward radial transport and is based on Darcy’s law. Nevertheless, the
resulting solution for the position of the wetting front bears a strong resemblance to the radial
capillary solution by Marmur [64]. The experiments are conducted with filter paper to ensure
good observability and to avoid the displacement problem. With the setup described here
one can examine horizontal wicking i) radially outward, and ii) linear. Using a second setup
already described in the previous chapter iii) vertical linear wicking by mass method is added.
All results are compared and discussed.

For the theoretical considerations two basic assumptions are made: isotropic pore distribution

and absence of evaporation. An isotropic pore distribution ensures a purely circular wicking
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Figure 8.1: Experiment configuration and lengths for outward capillary transport.

front line. Evaporation is superimposed to the underlying mechanism of capillary transport
and therefore would complicate the basic understanding. That is why it is excluded here by
using a nonvolatile test liquid.

The configuration considering an outward capillary transport fed by a circular wick in the center
- as illustrated in Fig. 8.1 - is investigated.

When liquid wicks within a porous material there is a driving capillary pressure along the
meniscus at the edge of the spreading spot. It has to balance the viscous pressure loss inside
the material itself, the viscous pressure loss in the feeding device and the inertial pressure. In
this section the influence of the wick is neglected as its permeability was chosen to be much
higher than the permeability of the filter paper. Hence - as introduced in the theoretical
chapter of this work (Eq. (2.60)) - the momentum balance for radial capillary flow through

porous structures reads as

20 cos ( s o
— vr r)dr + — pv(r)dr| + pUdv, . (8.1)
S K T0 Vo
N’ ~ v N ~ J
sur face tension mscoszty inertia convective

Due to the mass balance Eq. (2.53)
1

v (1) = =1 Ty, (8.2)
r
so one can substitute v,(r) and rearrange to obtain
2 2
1 T
PR Lo S N (S IR A A ) (A I S
20 cos (O)K dt To 20 cos (0) \ dt T at To dt 2 2rf
— ——

b a
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To ease the handling of the following calculations the previously introduced parameters a and b
are used. Note that these parameters are differently defined in [21]. Applying the Buckingham
m-Theorem, see [17] and [107], with the five (5) dimensional units a[s* m™2], b[sm™~2], r;[m],
t[s], ro[m] and the two (2) fundamental units time [s] and length [m] one obtains 5 —2 = 3
dimensionless m parameters that characterize the problem. Thus the Buckingham 7 theorem
provides us with three dimensionless scalings. First one has a dimensionless radius

== 2 (8.4)
which is an aspect ratio. The second scaling is a dimensionless time

4 8o cos (0) K 1
t = t~

St = T R, Galt) (85)
Here Ca denotes the capillary number - relating viscous forces to surface tension forces - which
is given by
Ca~ 110, (8.6)
ot

Since a transient phenomenon is investigated, the capillary number is time-dependent. Eq.

(8.5) also provides a characteristic time

t b 2 2
gt _bro_ pry oRs (8.7)
t* 4 8ocos(fd) K

The third dimensionless parameter reads

bZ ) ,UJZT(% ¢2Rs
T = —TF =
ST 4 % 20cos(0)p K2

~ Oh?. (8.8)

This parameter is useful for scaling the inertia term, Oh denotes the Ohnesorge number -

relating viscous forces to surface tension and inertial forces

Oh = J;LTL' (8.9)

Using 7%, ¢* and 73 in the momentum equation Eq. (8.3) gives the problem in a dimensionless

) (e [ e« () [57) =0 mo

As will be shown later in Table 8.8, in the experiments 73 > 1 (or Oh > 1, respectively),

form

and therefore the inertial term can be neglected. Thus one seeks an analytical solution of the
dimensionless equation
1

1 Sl e T lnrf = 0. (8.11)
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To find it the method of separating the variables is used to obtain
rP(lnry? —1) =t + C. (8.12)

Assuming that the spot has the initial radius 7y at the time ¢t = 0, the boundary condition to
find C reads as
ritT=0) =1, (8.13)

giving a special solution in terms of ¢*(r}), namely

f

t*(ry) =1y (1117’ + i - 1) (8.14)

A solution in terms of r}(¢*) can be obtained with the Lambert W function. It is defined as

the inverse of y = ze® where x = W (y). In a first step Eq. (8.14) is rearranged to
t*—1=rP(Inry —1). (8.15)

Since 1 = Ine and the inversion y = zlnx < = = y/W(y) applies, one finds that

P e -

e Wl (t—1) (8:10)

This equation is quadratic. Therefore, two different solutions r}(t*) are possible. These are

i) = \/W ) (8.17)

W

Due to its unphysical nature, the solution is omitted. The Lambert W function is well
explained in [22]. One of its properties is that it is generally complex. There are only two
branches with real values which are shown in Fig. 8.2. These branches are denoted W (0, x)
and W(—1, x), respectively. In light of this fact, the analytical solutions according to Eq. (8.17)

become

t*—1
Tt = \/W 0T = 1) outward transport, 0 <#* < oo (8.18)

rit*) = \/W o) inward transport, 0<t*<1 (8.19)

These solutions are also depicted in Fig. 8.3.

The liquid flow rate that occurs in the porous medium is also of interest. It is important to
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Figure 8.2: The two real-valued branches of  Figure 8.3: The analytical solutions for inward

the Lambert W function. and outward capillary transport.

know because the model is idealized by neglecting the flow losses in the wick. As a consequence,

the initial flow rate is infinite. In dimensional form, the flow rate is

d
Viry,t) = :EQWTTf%. (8.20)

Introducing 7} and ¢* one finds that

) 8tTr% dr
V(s t) = ind—tf. (8.21)

Here, the plus sign applies for outward and the minus sign for inward transport. With dt*/ dry =

215 In 7"}2 one obtains

. 47T
V = t—0, (8.22)
bln %

by setting V. = 47T /b for the characteristic flow rate one finally arrives at

- 1%4 1
V5= —, (8.23)

V. lnrf

which is plotted in Figs. 8.4 and 8.5.

8.2 Experimental Apparatus

Parallel to the development of a mathematical model an experiment was built up as shown

in Fig. 8.6 to investigate the radial outward wicking process. Here, an aluminum ring clamp
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Figure 8.6: Schematics of the test setup. The distance s between camera and the observed

paper is about 10 times the paper diameter. The wick radius is rq.

made of two parts that are joined together by screws allows to firmly suspend a filter paper.
The ring clamp along with the paper is fixed horizontally, the usable paper radius being 75
mm. The height difference Ah between paper and reservoir, see also Fig. 8.1, ranges from
5 to 8 millimeters. As porous materials four different kinds of filter paper whose properties
according to the supplier are listed in Table 8.1 are used. All four papers are circular with
a diameter of 185 mm and supplied by Omnilab (Bremen, Germany). While the first three
papers consist of cellulose fibers that are porous itself (double porous) the fourth paper is
made of borosilicate glass fibers. Paper is chosen for the experiments as it is disposable in
a variety of parameters, easily purchased and most important it provides circular spots due

to the isotropic fiber orientation, at least in a macroscopic point of view. The filtration time
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in Table 8.1 is given by the suppliers using the Herzberg method!. These properties can
be used to calculate the missing pore structure parameters K and ¢ of the papers: using
filtration time tg, and paper thickness d, the permeability K can be calculated with the relation
K = (Qud)/(ApA) where Q = 100 ml/ty. is the flow rate, u = 1073 Pas the dynamic viscosity
of water, d the paper thickness, Ap = 1000 Pa the hydrostatic pressure of the water column
and A = 10 cm? the filter area. The porosity ¢ is calculated by setting ¢ = (Viorar — Vsotid)/ Viotai
where Vipq = Ad and with the paper grammage Vioia = Mpaper/ Psotia; for the densities psoiq
one sets pyoq(cellulose) = 1.5 g/cm? and pyeq(borosilicateglass) = 2.23 g/cm?; respectively.
In the last line of Table 8.1 the wicking constants b are calculated. To do so cos# = 1 has been

assumed, and the liquid properties in Table 8.2 have been applied.

Table 8.1: Properties of the papers that were used for the experiments according to the data
sheets of supplier and producers (Omnilab, Sartorius, Whatman). Here, R, is an average pore

size (Sartorius) or a particle retention size (Whatman).

Sartorius 391 Whatman 589/2 Whatman 40 Whatman GF/B

by suppliers:

thickness d [mm] 0.21 0.19 0.21 0.83
grammage [g/m?| 84 85 95 141
pore size R [um] 10 2-6 4 0.5
filtration tg, [s] 180 140 340 not specified
calculated:

permeability K [um?] 0.117 0.136 0.062 -
porosity ¢ 0.733 0.702 0.698 0.924
wicking c. b [s/mm?] 7.508 1.236-3.717 5.394 i

The test liquid that wicks in the paper is silicon oil AK5 (supplier Wacker AG, Germany)
that exhibits a negligible evaporation rate. Chemically, this is Dimethylpolysiloxane with the
structure (CHs)s Si — [O — Si(CHjs)s], — O — Si(CHg)s with n being around 5 since it is a blend.
Its properties according to the supplier are listed in Table 8.2.

As reservoir for the test liquid a flat cylinder-shaped glass dish with 80 mm diameter and 8

mm height is used. Contrary to the assumption this is a finite reservoir, however it can be

LGiven by the supplier to be the time for 100 ml deaerated water to pass 10 cm? filter area at a constant

height of the water column being 10 cm. Different definitions using a column of 5 cm also exist.
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Table 8.2: Properties of AK5 silicone oil according to the product data sheet of the supplier

(Wacker AG, Germany); no errors are provided.

kinematic viscosity ~dynamic viscosity  density  surface tension
v [mm?/s] umPas]  plkg/m? o [mN/m]
5 4.6 920 19.2

regarded as infinite since the amount of liquid needed to completely wet a thin paper causes no
perceptible loss in its fill height. The liquid transport from the reservoir to the paper is enabled
by different kinds of wicks. For the experiments on outward transport (see left-hand picture of
Fig. 8.1) cylindrical wicks made of glass frits (Por.0, pore radius 80—125 pm, supplier Robu
Glas, Hattert in Germany) are used. They feature an appearance that is similar to sandstone.
Three glass frit wicks with radii rg of 2.05 mm, 2.5 mm and 10 mm are used. The radii of the

outward wicks were checked with a sliding caliper giving an accuracy of £12.5 pm.

The liquid reservoir with the wick is placed on top of a small lifting jack. Therefore, to initiate
contact, the jack is manually operated until the wick touches the paper and liquid is observed
to spread. A digital camera is positioned about 150 ¢cm above the paper to record the wicking
process in the paper. The camera is a B/W-CCD video camera module (CM8, Intravision)
with a resolution of 768 x 576 pixel and a Nikkor 24 mm lens that is linked to a personal
computer. Screenshots are recorded every 10 s which gives several hundred or thousand images
for the whole wicking process. These image series are processed by Matlab routines using
the Canny-algorithm to detect the wicking front line, see Fig. 8.7. More precisely, the single
frames are transformed into grey-scale matrices. All the pixels outside the observation radius
are overwritten with an average grey-scale value of the dry area to avoid the detection of wrong
edges. Now, the Canny method finds edges by looking for local maxima of the grey-scale
gradient. This gradient is calculated using the derivative of a Gaussian filter. The method uses
two thresholds, to detect strong and weak edges, and includes the weak edges in the output
only if they are connected to strong edges. This method is therefore less likely than others
to be fooled by noise, and more likely to detect true weak edges. As Fig. 8.7 demonstrates,
the detected front lines are overlaid on the original images to check its accuracy. Because the
detected front line must always be closed it can be filled to obtain a binary spot as shown in
the last picture of Fig. 8.7. The amount of pixels contained in the binary spot gives the spot

area Ay, the average spot radius 7 is found by setting Agpor = 7T7’]2c.
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100 mm

Figure 8.7: Evaluation with Matlab. Left picture: original. Center picture: detected wicking

front line overlaid on the original. Right picture: binary spot.

Error estimation FErrors in the measured data are expected due to the 1) inhomogeneity of

the papers and the uncertanity in the liquid properties, 2) pixel resolution, 3) edge detection,

4) fluctuations of height difference Ah between paper and reservoir, 5) wick radius ry and 7)

contact conditions between wick and paper.

1. The magnitude of paper inhomogeneity is estimated by evaluating the azimuthal fluctua-

tions in ry(t). It is found to be less than 10 % of the actual mean radius. In addition, the
liquid properties presented in Table 8.2 include an error of unknown magnitude. For the
following calculations it is assumed to be 5 %. Thus, for these two points an uncertainty

of 15 % is assigned.

. The recorded images of the wicking process have a resolution of 0.3 mm/pixel. Hence,

the error due to limited resolution is about 0.15 mm.

. Edges in cellulose paper (Sartorius 391, Whatman 589/2 and Whatman 40) are found to

be rather sharp independent of the wetted spot size. Here, the greyscale value between
wetted and dry area drops within 2 pixels which makes an accuracy of £0.3 mm. In
contrast, the spots in glass paper exhibit a diffuse edge that becomes even more diffuse

as the spot size increases. Here, the edge detection has an accuracy of 15 %.

. Fluctuations of the reservoir height lead to additional or decreased hydrostatic pressure

that has to be balanced by the surface pressure at the meniscus. Using the liquid prop-
erties provided by Table 8.2, a one millimeter fluctuation of Ah provides a pressure
difference of 9.2 Pascal. Using the averaged pore or particle retention size of the papers

as given by the suppliers, see Table 8.1 (and assuming that it is of same size order as
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the wicking pores), one can estimate the capillary pressure p, = 20/Rs ~ 4000 Pascal.
During the experiments, a maximum height fluctuation of below 5 mm occured which

yields 1 % of the surface pressure. Hence, the expected error is +0.5 %.

The wick radii for outward wicking are 2.05 pm, 2.5 pm and 10 gm with a tolerance of
+12.5 um. With the theoretical solution, see Eq. (8.18), one can determine the impact

~1 one finds the expected

of these tolerances. By setting 75 — r}[1 & (tolerance/rq)]
errors to depend on the wick size. They will be +1.21/ — 1.23 % for the 2.05 mm wick,

+1.01/ — 0.99 % for the 2.5 mm wick and +0.25 % for the 10 mm wick.

For the variations of the contact conditions between wick and paper no error has been

assigned. Nevertheless, this issue is addressed in the “discussion” section.

An overview of the expected errors is provided by Table 8.3.

Table 8.3: Overview on the expected errors in the experiments.

ro of wick  paper & liq. pixel res. edge d. Ah var. 7y var. >

cellulose p.

2.05 mm 15% 0.15mm 03mm 05%  1.22% =£(16.72% + 0.45 mm)
2.50 mm 15% 0.15mm 03mm 0.5%  1.00% =£(16.50% + 0.45 mm)
10.0 mm 15% 0.15mm 03mm 0.5%  0.25% =£(15.75% + 0.45 mm)
glass p.

2.05 mm 15% 0.15mm  15% 0.5%  1.22% £(31.72% + 0.15 mm)
2.50 mm 15% 0.15mm  15% 0.5%  1.00% =£(31.50% + 0.15 mm)
10.0 mm 15% 0.15mm  15% 0.5%  0.25% =£(30.75% + 0.15 mm)

8.3 Results

The described setup was used to conduct experiments on horizontal i) linear and ii) radially

outward transport. Moreover, reference data for iv) vertical linear transport were obtained in

another setup that is described in [35]. The reference data from the two linear experiments

(horizontal and vertical strip) provide us with a basis to predict the radial outward wicking

process.
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Figure 8.8: Evolution of the wetted area in horizontal wicking. The strip width is w = 20 mm,

the initial distance xo = +3 mm.

8.3.1 Reference measurement - linear transport

Wicking into a horizontal strip From a theoretical point of view, capillary transport in
a horizontal strip is the most simple compared to other arrangements because it is linear and
independent of gravity. Hence, as early as 1921, Washburn [104] found that the covered distance
z¢(t) of the front line should evolve as

2
ah = e (8.24)

as previously introduced in Eq. (5.5). Again, images of the imbibed strips are recorded every
10 seconds to obtain image series as displayed in Fig. 8.8. These images are submitted to
Matlab image processing routines to transform them analogously to Fig. 8.7. Here, the area
of the binary spot is Asps = 2wz (t) yielding z¢(¢). The ring clamp in the setup is used to
diametrally suspend a paper strip of w = 20 mm width. It is fed by a bar wick of 40 mm width
that extends on both sides of the strip as illustrated by Fig. 8.9. As soon as contact between
wick and strip is established the liquid imbibes the porous material in both directions starting
from x;(t = 0) = £xy. The resulting data for all four papers in terms of :L'? over t according
to Eq. (8.24) is shown in Fig. 8.10. That exposition enables a linear fit to find the parameter
b. As one would expect, all four curves are straight lines. This fact is also supported by the
regression coefficients py, (see for example [14] for definition) of the fits provided for all papers

in Table 8.4.

Wicking into a vertical strip The course of action here resembles the horizontal case. One

difference is that the specimen is not fed by a wick but dipped into the liquid and a mass
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Figure 8.9: Experimental arrangement for Figure 8.10: Reference measurement in horizon-
the horizontal strip experiments (top view).  tal strips of the four test papers. Steeper slopes

indicate faster wicking.

measurement is recorded. Consequently, a wetting jump occurs in the beginning. It is followed
by a capillary rise period which is mainly governed by capillarity and viscous flow losses alone
before hydrostatics becomes important. Only the linear initial part of the x}(t) plot is used for
the fit. Detailed information of the procedure is given in [35]. The regression coefficients p, for
the linear fits in the vertical case are also provided by Table 8.4.

From both strip experiments the parameter b is extracted, which can be regarded as a wicking
constant. This combination of material, liquid and porous properties applies for wicking prob-
lems unaffected by the particular geometry. Its mean value b is calculated as well as its error
Ab, see Table 8.4. Here, the mean value is defined as b = (b, + b,)/2 and the error is defined
as Ab= /(b — ) + (b, — D)2,

8.3.2 Radial outward wicking

Each of the four different filter papers was investigated with the three different wick sizes, thus
providing 12 outward wicking experiments. In preliminary experiments the reproducibility of
the data presented has been checked. This was done by measuring the total duration of the
wicking process several times. It was found that these durations are within the error margins due
to paper anisotropy which were discussed in the error estimation above. In favor of clarity only

one representative run per parameter set was picked which was then recorded and evaluated.
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Table 8.4: Reference data for the wicking parameter b, gained from strip wicking experiments
in horizontal and vertical direction.

Sartorius 391 Whatman 589/2 Whatman 40 Whatman GFB

Horizontal by, [s/mm?] 3.559 1.297 2.004 1.134
Regression coeff. py, 0.9996 0.9998 0.9396 0.9999
Vertical b, [s/mm?| 3.425 1.473 1.637 1.167
Regression coeff. p, 0.9999 0.9997 0.9991 0.9992
Mean value b [s/mm?] 3.492 1.385 1.821 1.151
Error Ab [s/mm?] +0.095 +0.125 +0.259 +0.023

. .
40 mm -
0Os 100 s 200 s 300 s 400 s

Figure 8.11: Evolution of the wetted area in radially outward transport using cellulose paper.

Figs. 8.11 and 8.12 give an impression on how the observed spots evolve in cellulose paper and
glass fiber paper, respectively. Obviously, cellulose paper provides a sharp edge while it is a
blurred edge in glass paper. The reasons for this very different edge contrast might be due to
i) the porosity of the cellulose fibers itself while the glass fibers are non-porous, ii) different
wetting conditions, iii) the higher thickness of the glass paper. Nonetheless, this effect which
makes the Matlab evaluation of the wetted spots more difficult is not anticipated.

Both the experimental data points r(¢) and the model predictions r;(¢) that are based upon
the linear reference data are presented in Figs. 8.13 - 8.16. The predictions are obtained by

rearranging Eq. (8.14) into its dimensional form
br? 3 2
t(ry) = Tf lln (;’;) +-2- ] , (8.25)

applying for b the b-value provided by the linear reference experiments, see Table 8.4.  In all
four figures the experimental data-curves are within the expected error margins. Therefore, one
can state that the linear reference experiments are useful to predict the outward radial wicking

process.
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40 mm ,
Os 100 s 200 s 300 s 400 s

Figure 8.12: Evolution of the wetted area in radially outward transport using glass fiber paper.
Although hard to perceive, there is a distinct front line on the outer rim of the diffuse spot on

which the edge detection algorithm is attuned.

Table 8.5: The wicking parameter b, gained from fits of Eq. (8.25) to the outward wicking

experiments with 3 different wicks. To compare with the linear experiments see Table 8.4.

Values for b [s/mm?] Sartorius 391 Whatman 589/2 Whatman 40 Whatman GFB

ro = 2.05 mm 3.493 1.180 1.967 0.784
ro = 2.5 mm 3.463 1.114 1.665 1.012
ro = 10 mm 3.708 1.244 2.028 0.881
Mean value b 3.555 1.179 1.887 0.892
Error Ab +0.134 40.065 40.194 +0.114

Analogous to Table 8.4, the values of b gained by fitting Eq. (8.25) to the data of the out-
ward wicking experiments are provided in Table 8.5. Here, b = (b + by + bs3)/3 and Ab =
\/0.5 [(b1 — )2 + (b2 — b)2 + (bs — b)2]. However, throughout the four figures not a single data-

curve actually coincides with the prediction. Instead, it can be observed that the data-curves
sometimes intersect the prediction-curves. This cannot be explained by a mismatching value of
b alone because shifting b would lead to prediction-curves completely above or below the data.

This issue is addressed in the ’discussion’ section.
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Table 8.6: The wicking parameter b, as gained from theoretical prediction and three experi-

ments.
Values for b [s/mm?] Sartorius 391 Whatman 589/2 Whatman 40 Whatman GFB
paper properties 7.508 1.236-3.717 5.394 -
horizontal strip 3.559 1.297 2.004 1.134
vertical strip 3.425 1.473 1.637 1.167
radially outward 3.555 1.179 1.887 0.892
Mean value b 4.512 1.296 2.731 1.064
Error Ab +1.998 +0.127 +1.782 +0.150

8.3.3 Overview on obtained wicking constants

Knowledge of the wicking constant b allows to predict how fast a wetted spot will grow. Here,
b has been derived by four different ways: i) theoretically from paper properties, ii) from
linear wicking experiments in horizontal strips, iii) from linear wicking experiments in vertical
strips and iv) from radially outward wicking experiments in horizontal screens. Table 8.6
provides a summary of these results. It shows that especially the theoretical prediction from
the manufacturer information deviates from the mean value, and it often appears to be crude

and fragmentary.

8.3.4 Dimensionless presentation

To expand the comprehension of the problem it is depicted in dimensionless form by plotting
rt = f(t*). This is accomplished by applying Eqs. (8.4), (8.5) to the data points. The
dimensionless master curve is given by Eqgs. (8.14) and (8.18) for outward wicking.

Fig. 8.17 displays all 12 outward wicking experiments along with the theoretical prediction,
see Eq. (8.18), in dimensionless form 7%(¢*). After all, the four papers used in the experiments
are just a means to study the radial wicking process that applies to porous media in general.
Because the observation radius in the experiments is restricted to 75 mm, see Fig. 8.6, the four
experiments with 10 mm-wick (triangle signs) are depicted in the 7 = 0...7.5 region and are
therefore barely visible. Nevertheless, one recognizes that the thin error margin lines do not
separate from the other curves what means that the data points are within the expected area.
The four experiments with 2.5 mm-wick (square signs) and the four experiments with 2.05

mm-wick (circle signs) are easier to distinguish. Apparently the mastercurve lies well within
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Figure 8.17: Dimensionless presentation of the outward wicking experimental data and the pre-
diction mastercurve Eq. (8.18). Here, the data curves are complemented by its corresponding
error margin curves as betoken by the vertical solid lines at the end of each data curve. The
b value for the dimensionless scaling is based on the linear reference experiments (b-value in

Table 8.4).

the experimental data. All data curves collapse with the mastercurve within the expected error
margins. One can see that the spot which spread farthest reached 7} = 26.4 and t* = 3300.

Therefore, these values mark the limit of the experimental corroboration.

8.4 Discussion

The model developed is simplified insofar that it neglects the viscous pressure drop in the
feeding wick, the hydrostatic pressure between paper and liquid reservoir as well as inertial
effects. These are the same presuppositions like Marmur [64] has chosen for the radial capillary,

see Fig. 8.18.
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Figure 8.18: Axially symmetric geometry of the radial capillary that was studied by Marmur
[64].

In fact one finds the theoretical solution to resemble that of the radial capillary:

r N2 [ e\ ro\? ] 20 cos(0)d

(—f) In (—f) + (—) —1| = ————t Eq. (25) in [64] rearranged (8.26)
70 70 Ty 3urg
)’ _1 i\ () 1_ B0 cosO)R ) b (8.14) rearranged (8.27)
— — — ] - = ——— . (8.14) rearran :
To N To Ty M¢Rs7’8 b &

Hence, the two models are compatible. This is interesting because Marmurs derivation con-
tains no porous medium, however deals with the same physical effects. His only geometrical
parameters are plate distance d and initial radius ro. The presented solution instead is based
on the Darcy law in porous media. Canceling out the right-hand terms of both equations gives
for the corresponding distance d between the parallel plates

12K
- ORS

This equation clearly shows the analogy between radial flow in porous media and radial flow

d

(8.28)

between parallel plates. As previously discussed (see section 2.2.2) an analogy for linear flow
in a porous medium and a cylindrical capillary tube is given by Eq. (2.3), which displays a
remarkable similarity to Eq. (8.28). For linear capillary transport between capillary plates the
same approach and assumptions as applied for the Lucas-Washburn equation [104] can be used

to obtain [87]
ocos(f)d

TF = ——tt. 8.29)
f 3u (
Here, a viscous pressure drop of
1222 ¢p
Ap = —%, (8.30)
and a capillary pressure of
N O CZS<9) (8.31)

is applied. Note that, contrary to cylindrical tubes, only one principal radius of curvature has

to be considered.
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The hydrostatic pressure neglect is contained in the error estimation. The neglect of pressure
drop in the feeding wick, on the other hand, is not. But apparently, it visibly disturbs the
comparison between experimental data and model prediction. According to the model, the
liquid flow rate that the porous material draws from the reservoir, is infinite in the beginning.
This holds for both outward and inward wicking, see Eq. (8.23) and Figs. 8.4 and 8.5. Naturally,
the wick cannot support an infinite flow rate and will retard the delivery of liquid. Hence in the
beginning the observed wetted spot will grow more slowly in the experiment than predicted.
The neglect of the inertial effects is justified as the inertial parameter 73, see Egs. (8.10) and

(8.8), is very high for all performed experiments, see Table 8.8.

Another issue to be clarified is the contact between feeding wick and reservoir. As the exper-
iments show the first contact is pointwise. But once happened, complete contact is suddenly
established aided by liquid bridges. The elapsed time for this liquid bridging was much smaller

compared to the whole duration of the wicking process.
The characteristic times of all experiments calculated by Eq. (8.7) are listed in Table 8.7.

In dimensionless terms, the coverage of the experiments extends to 0 < r} <27and 0 < t* <
3300. The outward wicking process is boundless in space and time, therefore the experimental

basis is limited here.

Table 8.7: Characteristic time ¢. [s] of the wicking process for all experiments.

te[s] Sartorius 391 Whatman 589/2 Whatman 40 Whatman GF/B
ro = 2.05 mm 3.67 1.45 1.89 1.21
ro = 2.5 mm 5.45 2.16 2.82 1.80
ro = 10 mm 87.26 34.48 45.04 28.75

Table 8.8: Value of the inertial parameter 73 [-] for all experiments.

73 [—] Sartorius 391 Whatman 589/2 Whatman 40 Whatman GF/B
ro = 2.05 mm 0.21 - 10° 0.08 - 10° 0.14 - 10° 0.46 - 10°
ro = 2.5 mm 0.32-10° 0.12-10° 0.21-10° 0.69 - 10°

ro = 10 mm 5.08 - 107 1.98-10° 3.39 - 10° 11.0 - 10°
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8.5 Conclusion

A theoretical study is presented on capillary transport in radial direction, supported by exper-
iments investigating outward transport. The model is based on Darcy’s law in porous media
and assumes a viscous dominated flow regime. It can well predict the evolution of the wetted
area and is compatible to the radial capillary model of Marmur. Experiments are performed
with filter paper and three cylinder-wicks for outward flow. The recorded images are evalu-
ated with Matlab. In addition to the radial wicking experiments linear wicking experiments in
both horizontal and vertical strips are considered. These linear experiments serve as reference,
which also allows to obtain the necessary constants to predict the radial wicking process. Thus,
the pore structure parameters K, R; and ¢ (in lumped form of b) are obtained by different
experimental methods which provide reasonable agreement (Table 8.6). The impact of the
observations made is also discussed in section 9.7.

So overall, this study covers a spectrum of three different wicking experiments along with an
appropriate theory. For the outward wicking processes the agreement between experiments and

prediction is within the specified error margins.
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Chapter 9

Summary

The aim of the presented work is to investigate capillary dominated transport processes in
porous materials and small tubes. The first part of the work is devoted to a fundamental dis-
cussion of the theory of capillary rise. Here, a detailed dimensional analysis and an introduction
to the different time stages and analytical approaches to this phenomenon are presented. The
second part of the work shows two experimental setups. The corresponding chapters describe
the experiments performed to investigate capillary dominated flows of particular interest to
space propulsion systems. They provide relevant experimental data to verify the mathematical

models.

9.1 Dimensionless scaling methods

In the chapter “Dimensionless scaling methods for capillary rise”, three different scaling options
using the Buckingham 7 theorem are systematically derived. It is shown that three forces -
identified as inertial, viscous and hydrostatic forces - can be used to obtain these three scaling
sets, each consisting of two dimensionless variables and one dimensionless basic parameter.
From a general point of view the scaling options are all equivalent and valid for describing the
problem of capillary rise. Contrary to this for certain cases - depending on the time scale and
the dominant forces - one of the options can be favorable. For example, using the appropriate
scaling can help to identify the influence of a certain parameter to be investigated. Also for
some special cases, for example including microgravity, the choice is limited to a single scaling
method. The three different sets are discussed systematically. It is evaluated which scaling
is most useful for certain cases. Furthermore, numerical as well as analytical solutions of

the momentum balance are shown in dimensionless form. Their ranges of applicability when
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compared to numerical solutions of the differential equation of motion are determined. Based
on this data an appropriate scaling to represent experimental data of capillary rise can be
chosen. This can help to systematically plan an experimental campaign in advance by defining

which dimensionless basic parameter shall be varied.

9.2 Transition between different time regimes

It is found that the capillary rise process can be separated into different time stages where
different forces dominate. In the chapter “The transition from inertial to viscous flow” the
early stages of capillary rise of a liquid in a tube are investigated. In this period, both inertia
and viscous flow losses balance the pressure generated by the meniscus curvature (capillary
pressure). It is known that the very first stage is dominated purely by inertial forces, but
subsequently the influence of viscosity increases (visco-inertial flow). From the calculations,
one can conclude that the purely inertial and the purely viscous flow period are separated by a
visco-inertial stage where both effects have to be considered. Finally the effect of inertia vanishes
and the flow becomes purely viscous. The times and meniscus heights at which the transition
between the time periods occur are derived. This provides a method to determine a priori
which terms of the momentum balance are relevant for a given problem, as only these terms
have to be taken into account to obtain a solution of sufficient precision. Analytical solutions
known from literature [11, 61, 78, 104] are discussed and the time intervals of their validity
compared. The predicted transition times and the calculated heights show good agreement
with experimental results from literature [89]. The results are also discussed in dimensionless
form and the limitations of the calculations are pointed out. Up to now, typically the time
where the solution for the inertial and the viscous rise provide the same height has been used
as a measure for the separation between the time stages. However, it is shown that it takes

about eight times as long for the flow to become independent of inertial effects.

9.3 Analytical solutions including the gravity term

For a setup not in a microgravity environment, gravity begins to become a dominating force in
the later time stages of capillary rise. The chapter “Analytical solutions including the gravity
term” focuses onto this domain. An analytical solution for the capillary rise of liquids in a
cylindrical tube or a porous medium is derived in terms of height h as a function of time ¢.

The implicit ¢(h) solution by Washburn is the basis for these calculations and the Lambert
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W function is used for its mathematical rearrangement. The original equation is derived from
the 1D momentum conservation equation and features viscous and gravity terms. Thus, in
contrast to the Lucas-Washburn equation, the presented h(t) solution includes the gravity term
and enables the calculation of the liquid rise behavior for longer time scales. Based on the new
equation, it is possible to derive several parameters including the time necessary to reach a
static state. Also the error made by neglecting gravity and using the Lucas-Washburn equation
is determined. The results are also discussed in dimensionless form and a dimensionless plot of
the Lucas-Washburn equation and the extended solution including gravity is shown. The flow
velocity is obtained by differentiating the height and a dimensionless number for its description
is found. In the second part of this chapter the analytical solution is extended to describe the
dynamics of a broader set of initial conditions such as varying the initial height. These may
involve capillary rise, capillary fall or drainage. Capillary fall refers to a meniscus starting from
a position above the equilibrium height and subsequently moving down towards the equilibrium
height. In the introduced model capillary, viscous, and gravity effects are considered. This is
also discussed by means of dimensionless numbers, which enable to plot a characteristic diagram
showing rise and fall regimes. Good agreement is observed between the experimental results

taken from literature [85] and the prediction by the presented model.

9.4 Macroscopical numerical simulation

In the chapter “A basic macroscopic numerical simulation with FLOW-3D” | a numerical method
to simulate capillary rise in porous media is briefly presented. Here a macroscopical approach
is used, which implies the application of an integral model to represent both the effects of
the capillary pressure and the effect of viscous flow resistance. If one provides the code with
the capillary pressure and an integral permeability of the porous material, the code (FLOW-
3D) then applies the correct boundary condition at the fluid interface (capillary pressure)
and the viscous flow resistance is modeled in each grid cell using the Darcy law. With this
fairly simple approach wicking of liquids into porous materials can be simulated. Comparison
to mathematical models shows excellent agreement. As a disadvantage has to be considered
that the material properties such as the permeability must be known a priori to set up the
simulation. This issue can only be solved by microscopic approaches or experiments. For small
structures (e.g. a representative volume), a microscopic simulation will provide useful data
within reasonable time. This allows to extract the pore structure parameters K, R, and ¢ from

the microscopic simulation to use them in a macroscopic simulation.
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9.5 Capillary rise and the effect of evaporation

As previously mentioned, the second part of this work focuses on experimental work. In the
chapter “Linear capillary rise and the effect of evaporation” the wicking of different liquids into
a dry Dutch Twilled Weave (DTW 200 x 1400) is analyzed by combining experimental and
analytical approaches. Experiments using a vertically positioned weave are performed under
isothermal, terrestrial conditions. The results are compared to analytical solutions showing
good agreement between the Lucas-Washburn equation and the experimental data for flow
regimes where gravity and evaporation effects are negligible. From the measurements, the
permeability and static radius for the capillary pressure of the structure can be determined.
No significant influence of the screen width onto the wicking process is found. However, the
capillary rise in warp direction occurs about twice as fast as in weft direction. This results
from a difference in the permeabilities by about this factor due to the thicknesses of the wires
and the weave structure. The results for the slope parameter K/R; are validated by previous
literature [28, 98], but there are discrepancies for the static radius which may occur due to the
sensitivity of the experiment to evaporation.

To investigate the influence of evaporation on the capillary rise process, experiments with
volatile liquids are conducted. Significant deviations from classical models are observed. Thus,
an enhanced form of the standard wicking model from Lucas and Washburn is introduced to
account for evaporation and gravity effects. By comparing the experimental results with the
enhanced wicking model, good qualitative agreement is found. Using dimensionless parameters
it is possible to plot all experimental data in a single diagram to compare different fluids and
evaporation rates. The experimental data supports the theoretical model, although it shows
that the model tends to overestimate the reached height by about 20%. It is noted that

evaporation may have a major retarding impact on the wicking process.

9.6 Radial capillary transport

Finally, in the chapter “Radial capillary transport”, radial liquid movement is studied in con-
trast to linear movement as investigated in the previous chapters. Application of radial trans-
port is also under consideration for propellant management in space. A theoretical and experi-
mental study on the more basic situation when liquid spreads radially from an infinite reservoir
is presented. Based on Darcy’s law in porous media and assuming a viscous dominated flow

regime, the theoretical model predicts both outward and inward radial transport in a porous
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screen. It can well predict the evolution of the wetted area and is compatible to the radial
capillary model of Marmur [64]. For both cases (outward and inward transport) an analytical
solution is obtained in terms of time versus radius as well as radius versus time aided by the
Lambert W function. In the experiments four different filter papers are used combined with
three cylindrical wicks for outward wicking. In addition to the radial wicking experiments
linear wicking experiments in both horizontal and vertical strips are considered. These linear
experiments serve as reference to obtain the necessary material parameters. Therefore a pre-
diction of the radial wicking process is enabled. Overall, a spectrum of three different wicking
experiments along with an appropriate theory is covered. The agreement between experiments

and prediction is within the specified error margins for the outward wicking processes.

9.7 Pore structure parameters

In conclusion it can be stated that the pore structure parameters K, R, and ¢ have proven
to be a very useful tool to macroscopically describe capillary transport in porous structures.
The values obtained by different experimental approaches are in reasonable agreement, e.g. see
Table 8.6. However, it was found that the values provided by the suppliers of porous samples
may sometimes be rough estimates. Also, due to different definitions and models for special
applications, e.g. the Herzberg filtration time, they may be hard to correlate to the parameters
used here. In the context of PoreNet this means that the pore structure parameters for the
porous samples used should be measured experimentally to compare them to the values provided
by the suppliers. For validation purposes it should be considered to apply different experimental
methods for each parameter. For example, the porosity ¢ could be determined from mercury
intrusion, capillary rise mass recordings and the weight of a completely wetted specimen. For
the determination of K cross flow pressure drop measurements and the capillary rise rate can be
applied, while for R, the bubble point method, the maximum height h., or mercury intrusion
are useful. The same applies for advanced methods like computer tomography which allows to
obtain a microscopic three dimensional image of the pore structure. This data could be used
in a microscopic numerical simulation to obtain the pore structure parameters. Linking and
comparing the values obtained by different methods will allow to determine the pore structure
parameters with more precision, but will also allow to understand the processes in more depth.
For example, using glass filter frits the difference between R, and the radius determined by
the bubble point method (see Table 7.10) may be traced back to the fact that the bubble

point method determines the largest pore. However, as R, is smaller, it seems that the wicking
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effective capillary pressure is not only influenced and restricted by the largest pores, but also
by the smaller ones.

Capillary dominated flows still prove to be a challenging, however, interesting and relevant field
for research in fluid mechanics. This work is intended to be a contribution to the fundamental
understanding and classification of capillary flows, and a foundation for further work on capil-
lary flows in PoreNet. Although no specific geometries have been discussed here, the research
also aims to provide guidelines and models for engineers designing Propellant Management
Devices in space applications. As an outlook it can be stated that especially for non-isothermal
setups many problems remain to be addressed. While this work is restricted to isothermal cases
with storable liquids some rockets use cryogenic propellants such as oxygen and hydrogen due
to their higher specific impulse. The realization of Propellant Management Devices for this type
of liquids involves many fields that have been addressed in this work - however with isother-
mal setups. As preliminary experiments show, cryogenic capillary rise can be demonstrated
and measured using liquid nitrogen and porous materials like metallic screens or filter frits.
The next step within the framework of PoreNet will be to experimentally investigate relevant
non-isothermal setups and to extend the known analytical and numerical models of capillary
dominated flows to these cases. Especially for cryogenic setups the effect of evaporation and

other heat transfer issues will be of major importance.
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Mathematical derivations

The first three calculations (A.1 - A.3) presented in the following are not originally calculated by

the author, but recalculated from the available information provided in the original publications.

A.1 Derivation of the Quéré solution

To solve the differential equation Eq. (4.2)

d (hh) 20 cos(0)

= Al
o R (A1)

one may separate the variables to obtain

: 20 cos(0)
d (hh) = | ———=dt. A2
Jawin= [ (A2)
By integrating it reads
dh 2 0

pih _ 20c086), o (A.3)

dt PR
and due to boundary condition h(t = 0) = 0, C' can be calculated to be zero. By repeating the

previous steps again, one finally obtains

lhz _ 12 cos(6)

t2 A4
5 2 R + Oy, (A.4)

and due to the initial condition one arrives at the solution of constant velocity by Quéré [78§]

20 cos(0)

h=t
pR

(A.5)
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A.2 Derivation of the Bosanquet solution

To solve the differential equation Eq. (4.4)

% (hh) + by = b, (A.6)

the following approach may be used. Note that due to the historical context the coefficients

Su b

b, = = - AT
1 pR2 a ) ( )
and
20cosf 1
> = R - (A.8)
used by Bosanquet [11] are applied. By substituting
hh = u, (A.9)
one obtains
du

The homogeneous solution has to be found first

/idu: /—bldt (A.11)

provides
In(u) = —bit (A.12)
and finally
up, = e 1Oy (A.13)
and
'Z.Lh = —bleiblt Cl -+ eiblt Cl- (A14)

The inhomogeneous case can be used to find the unknown constant
B_blt Cl — b1€_b1t Cl + ble_blt Cl == bg, (A15)
where (] is calculated from C’1 to be

C) = b2 gt (A.16)
by

Therefore u (bringing together the homogeneous and the special solution) reads

b
U= U + Ug = e bt b_2 et et ¢y (A.17)
1
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Due to the initial condition u(t=0)=0 one obtains

by
C12 - _b_17
and
by —bit
= — 1 1
w=P (e
Resubstitution of h provides
hdh = e ") dt
[ran= [0
and
1 ba b2 _
_h2 — =2t bit
5 b + = b2 + (.
As h(t=0)=0
by
C3=——.
3 b%

A.3 Derivation of the implicit Washburn equation

To solve the integral of Eq. (5.9) the following approach may be used:

t:/ bh dh:/(ch—1)+1
1—ch 7(1 —ch)

b b 1
t= [ —=dh - ——dh.
/ c +/ 1—ch

This may be rearranged to

Preparing the substitution

y=1—ch

by
dy = —cdh

t—/——dh /——dy

Solving and reversing the substitute gives Eq. (5.10)
bh b bh b

gives

t=————S(y)=——— 5 In(l —ch) +C,

c c? c c?

which finally provides Eq. (5.13), the implicit equation by Washburn [104].

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)
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A.4 Mathematical verification of the extended equation

To show that the extended solution Eq. (5.23) fulfills the differential equation Eq. (5.8) one
may use the derivative of the solution and insert it into the initial differential equation. By

differentiating the defining Eq. (5.17) for W (x) [22] one obtains

dz W(a) W ()
—— ="V ), A.
W) e + W(z)e (A.30)
Rearranging gives
1
/ _
W'(x) VO W (@)@ (A.31)
further
1
/ _
W) = Feaswa)y (A.32)
and
W (x)
/
= ) A.
W@ = Feer@ i+ w@) (A.33)
By definition:
z=W(z)eV® (A.34)
and finally
W ()
/ _
W' (x) = A+ W) (A.35)
To ease the handling of Eq. (5.23) a coefficient z can be defined:
c2t
z2=—e 170, (A.36)
the derivative is
dz —c?
g A.
s (A.37)

Inserting Eq. (A.35), Eq. (A.37) (the inner derivative) and Eq. (5.23) into Eq. (5.8) gives

1 W) —c? c ¢
- = — - A.38
L WE)) b b1+ W(z) b (A.38)
After some rearrangement one obtains
—W(z) = -W(z) (A.39)

which proves that Eq. (5.23) is a solution to Eq. (5.8).
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A.5 Derivation for a general initial condition

In following the derivation of the analytical solution for the general initial condition h(ty) = hyg

shall be explained in more detail. Starting from Eq. (5.10)

bh b

one can use the initial condition to obtain

bh b bh b
t= —?—gln(l—ch)+to+70+C—21n(1—ch0). (A.41)
Rearranging gives
Aty 2t
- + chg — o ch = In[(1 — ch)(cho — 1)], (A.42)
and , ,
% + ch — %t — ¢h = In[(ch — 1)(1 — cho)), (A.43)
which gives
In(—1+ cho) — 1+ ¢ (gto + Ry — gt) = In(ch —1) +ch — 1. (A.44)
After some further rearrangement
(—1+ chg)e_lJrc(%toJrhO_%t) = (ch — 1)el=1) (A.45)

and applying the inverse properties of the Lambert W function as shown before one finally

obtains
1 c
h(t) = - {14+ W [(—1+ cho)e HHeilizto)tho)] Y (A.46)

This is Eq. (5.53).
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