COHOMOGENEITY ONE MANIFOLDS AND SELFMAPS OF
NONTRIVIAL DEGREE

THOMAS PUTTMANN

ABSTRACT. We construct natural selfmaps of compact cohomgeneity one mani-
folds and compute their degrees and Lefschetz numbers. On manifolds with
simple cohomology rings this yields relations between the order of the Weyl
group and the Euler characteristic of a principal orbit. As examples we de-
termine all cohomogeneity one actions on irreducible Riemannian symmetric
spaces of compact type that lead to selfmaps of degree # —1,0,1. We de-
rive explicit formulas for new coordinate polynomial selfmaps of the compact
matrix groups SU(3), SU(4), and SO(2n). For SU(3) we determine precisely
which integers can be realized as degrees of selfmaps.

1. INTRODUCTION

A natural problem in topology is the following: Given a compact oriented mani-
fold M™, which integers can occur as the degree of maps M — M7 In the funda-
mental case where M is a sphere S™ all integers can easily be realized since S™ is a
(n — 1)-fold suspension of S!. For other manifolds the problem is usually difficult
(see [DuWa] for references and a detailed study in the case of (n — 1)-connected
2n-manifolds).

In order to construct natural maps of degree # —1,0,1 one might first impose
actions of compact Lie groups G on M and then try to find equivariant maps. In
the most symmetric case where the action G x M — M is transitive, it is well-
known and easy to see that every equivariant map is a diffeomorphism and hence
has degree £1. We deal with the case where the action is of cohomogeneity one,
i.e., the principal orbits G/H are of codimension 1 or, equivalently, the orbit space
M /G is 1-dimensional and hence a closed interval or a circle. We focus on the much
more interesting case where the orbit space M/G is a closed interval.

Any cohomogeneity manifold M with M/G =~ [0,1] can be equiped with a G-
invariant Riemannian metric such that the Weyl group is finite or, equivalently, such
that the normal geodesics are closed (such metrics are dense in the set of G-invariant
metrics). There might, however, be infinitely many G-invariant Riemannian metrics
with mutually distinct Weyl groups on the same compact manifold M with a fixed
action G X M — M. The elementary but new construction of this paper depends on
the order of the Weyl group: We k-fold the closed normal geodesics of M starting
from one of the non-principal orbits. This leads to well-defined maps ¢, : M — M,
k = j|W|/2 + 1, for even integers j, and even for all integers j provided a certain
condition on the isotropy groups is satisfied. In the following theorem we only deal
with the general case. For the exceptional case we refer to section 3.
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Theorem 1. A compact oriented Riemannian cohomogeneity one manifold M whose
orbit space M /G is a closed interval and whose Weyl group W is finite admits equi-
variant selfmaps ¥y : M — M for all k = j|W|/2+ 1, j € 2Z with degree

k if the codimensions of both non-principal orbits are odd,

+1  otherwise,

deg ¢y, = {

and Lefschetz number

L(w) = —jx(G/H)/2 if the codimensions of both non-principal orbits are odd,
] x(a) otherwise.

Here, x(G/H) denotes the Euler characteristic of a principal orbit.

Degree and Lefschetz number of selfmaps are of course not independent. In
the case where M™ is a rational homology sphere they are coupled by the simple
equation L(¢) = 1+ deg for even n or L(v)) = 1 — degv for odd n. Hence, we
deduce from Theorem 1 that n is odd and x(G/H) = |W/| (in particular, rank G =
rank H) if the codimensions of both singular orbits are odd!. On manifolds M with
somewhat more complicated cohomology rings one can still use Theorem 1 to derive
restrictions for cohomogeneity one actions G x M — M with rank G = rank H, i.e.,
X(G/H) > 0. For such actions the dimensions of all orbits are necessarily even
(hence the dimension of M is necessarily odd), and the Weyl groups are necessarily
finite. Using Dirichlet’s theorem on prime numbers in arithmetic progressions one
obtains, for example, the following consequence of Theorem 1:

Corollary 2. Let G x M — M be a cohomogeneity one action with rank G =
rank H. If M has the rational cohomology ring of a product

Shx S xS <l < < iy,
then x(G/H) = 2m~1|W]|.

By Theorem 1 cohomogeneity one actions yield selfmaps of degree # —1,0,1 if
and only if the codimensions of both non-principal orbits are odd. Such actions
are called degree gemerating cohomogeneity one actions in the following. Degree
generating cohomogeneity one actions are scarce in low dimensions. Scanning the
classifications [Neu|, [Pa], [Hoe] for degree generating cohomogeneity one actions
on simply connected compact manifolds in dimensions < 7 yields only a few actions
on spheres and products of spheres and two actions on two nontrivial S>-bundles
M7 — $* and M] — CP? with sections. We briefly discuss these example in
section 4 and deduce from the refined version of Theorem 1 that M{ and MJ admit
equivariant selfmaps v, for all k£ € Z with degree k and Lefschetz number 2(1 — k)
and 3(1 — k), respectively. The space M{ provides an example for Corollary 2.

Our first main example appears in dimension 8: the compact Lie group SU(3).
Simple selfmaps of SU(3) are already given by the power maps py, : A — A*. These

INote that x(G/H) = |W| implies W = N(H)/H. For the linear cohomogeneity one actions
on spheres with rank G = rank H the identity W = N(H)/H was already observed in [GWZ].
Cohomogeneity one actions on simply connected Za-homology spheres were classified by Asoh [As].
Except for the linear cohomogeneity one actions on spheres and the standard actions on the
Brieskorn manifolds W§m71 with odd d there is only one infinite family of cohomogeneity one Zsa-
homology spheres in dimension 7. The symmetric space M® = SU(3)/SO(3) with the U(2)-action
from the left provides an example of a simply connected cohomogeneity one rational homology
sphere with H2(M5) = Zs2 which hence does not appear in Asoh’s classification.
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maps are equivariant with respect to conjugation and have degree deg p, = k? by
a well-known result of Hopf [Ho|]. Our construction yields additional selfmaps
of SU(3) of every odd degree k and Lefschetz number 0 that extend identity and
transposition to an infinite family. These maps are equivariant with respect to the
cohomogeneity one action

SU(3) x SU(3) — SU(3), (A,B)+— ABAT.

Explicit formulas are given in section 5.5. Combining the maps p; with the maps
1, and a simple argument involving Steenrod squares we prove

Theorem 3. For any m € N and ¢ € Z there is a selfmap of SU(3) with degree
4™(2¢ 4+ 1). For each of these selfmaps the entries of the target matriz are real
polynomials in the compler entries of the argument matriz. Other integers do not
appear as degrees of selfmaps of SU(3).

Motivated by this example we determine all degree generating cohomogeneity
one actions on irreducible Riemannian symmetric spaces of compact type using
Kollross’ classification [Ko]. The result is a short list of actions. In particular,
among the simply connected irreducible Riemannian symmetric spaces of compact
type only compact Lie groups and spheres admit degree generating cohomogeneity
one actions (see Table1 and Table2 in section5). We determine the entire set of
possible degrees of the induced equivariant selfmaps and derive explicit coordinate
polynomial formulas for these maps on the matrix groups SU(4) and SO(2n).

We finally note that the degree generating linear cohomogeneity one actions on
spheres remain the only examples of degree generating cohomogeneity one actions
when one inspects the following classifications: The classification of cohomogene-
ity one actions on the Stiefel manifolds V,, ; with & < n — 1 implicitly contained
in Kollross’ paper [Ko], the (candidate) classification of cohomogeneity one ac-
tions on manifolds with positive sectional curvature by Grove, Wilking, and Ziller
[GWZ] and the classification of cohomogeneity one actions on simply connected
Zso-homology spheres by Asoh [As]. The classifications of cohomogeneity one ac-
tions on simply connected rational homology complex projective spaces by Uchida
[Uch], on rational homology quaternionic projective spaces by Iwata [Iwl], and on
rational homology octonionic projective planes [Iw2] also do not yield any further
degree generating actions.

The author would like to thank A. Rigas and A. Lytchak for useful discussions.

2. CONSTRUCTION OF THE EQUIVARIANT SELFMAPS

Before we describe our construction we first summarize the necessary facts about
cohomogeneity one manifolds. We refer to the standard sources [Mo], [Bd1], [AA]
and the recent paper [GWZ].

Let M be a compact manifold on which a compact Lie group G acts with coho-
mogeneity one. Then M/G is a circle or a closed interval. In the former case all
orbits are principal and M is a G/ H-bundle over S* with structure group N (H)/H.
In particular, M has infinite fundamental group. We only consider the case where
M/G is a closed interval. The regular part My of M (i.e., the union of principal
orbits) projects to the interior of the interval and the two end points of the interval
correspond to non-principal orbits Ny and N;. The manifold M is obtained by
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gluing the normal disk bundles over Ny and N;j along their common boundary. In
particular, x(M) = x(No) + x(N1) — x(G/H).

Suppose that M is equipped with an invariant Riemannian metric (-, -). After
rescaling we can assume that M/G is isometric to the unit interval [0,1]. A normal
geodesic is an (unparametrized) geodesic that passes through all orbits perpendicu-
larly. Through any point p € M there is at least one normal geodesic and precisely
one if p is contained in a principal orbit. The group G acts transitively on the set
of normal geodesics. We fix a normal geodesic segment v : [0,1] — M such that
7(]0, 1[) projects to the interior of M/G and py = v(0) € Ny and p; = (1) € N;.
This segment is a shortest curve from Ny to IV;. It extends to a parametrized
normal geodesic v : R — M. The isotropy groups G.(;) are constant along 7 except
at the points v(t) with ¢ € Z, i.e., at points where v intersects the non-principal
orbits. We denote the generic isotropy group along v by H.

The Weyl group W of (M, (-, -)) is by definition the subgroup of elements of G
that leave ~ invariant modulo the subgroup of elements that fix « pointwise. It is
a dihedral subgroup of N(H)/H. The geodesic v is periodic if and only if W is
finite. More precisely, the order |W| of W equals the number of times that v passes
through a fixed principal orbit before it closes. To give an example of what might
happen on a standard space consider the diagonal SO(3)-action on S? x S?(y/a).
The normal geodesics are closed if and only if « is rational. In this case, the Weyl
group is the dihedral group D,i, of order 2(p + ¢) where a = p/q for positive
integers p and ¢ with ged(p,q) = 1. Otherwise, the Weyl group is the infinite
dihedral group D.

In the following we assume that the Weyl group of (M, (-, -)) is finite, i.e., the
fixed unit speed normal geodesic v and all their translated copies g - v are closed
with period |W|.

Our construction is based on the following elementary fact: Let

R . P

be the k-th power of S!. Except in the trivial case where k = 1 the fixed points of
1y, are precisely the |k —1|-roots of 1 and 1, has the property ¥ (A-Ag) = ¥ (A) - Ao
for A\g with /\’g_1 = 1. In other words, if we have a circle of any length with a fixed
base point py then k-folding the intrinsic distance to pg is a well-defined map vy, of
the circle with |k — 1| fixed points and k-folding the distance to any of these fixed
points leads to the same map .

Lemma 2.1. The assignment g - y(t) — g - y(kt) leads to a well-defined smooth
map Y : M — M with k = j|W|/24+1 for all j € 2Z, and even for all j € Z if the
isotropy group at y(to) is a subgroup of the isotropy group at y(to+ |W|/2) for one
and hence all odd integers tg.

Proof. We first check that the assignment ¥y : g - v(t) — g - v(kt) yields a well-
defined map on the unparametrized closed normal geodesic 7(R). Suppose that
g-v(R) = y(R). Then g-~(t) = v(2to £ ¢) with o € Z. A simple computation
shows ¥ (g - v(t)) = g - wr(y(t)). The geometric reason for this equivariance of 1)y,
under the Weyl group is that all the points v(2tg) are fixed points of v(t) — ~y(kt)
(here the special form of k is essential) and that the k-folding of a circle is the same
from every fixed point. Now 1)y is well-defined on 7(R) and hence on the regular
part My of M since through any point in My there is only one (unparametrized)
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normal geodesic. On Ny the assignment g - v(t) — g - v(kt) obviously leads to the
identity. On N; we also get the identity provided j € 2Z. If the isotropy group at
v(to) is a subgroup of the isotropy group at y(to + |W|/2) for one odd integer ¢y
then by the action of the Weyl group this is true for all odd integers. If j is an odd
integer and k = j|W|/2 + 1 then

g-(to) = g-y(kto) = g - y(to + [W1]/2).
This actually defines an equivariant diffeomorphism N; — Nj or an equivariant

map N; — Ny depending on whether |W|/2 is even or odd. All in all we have
shown that there is a commutative diagram

xk
Z/NO E— Z/NQ

epr/ lexp

Pk
M —— M
where ¥ Ny denotes the normal bundle of Ny. This implies smoothness of ¥,. O
O

3. DEGREE AND LEFSCHETZ NUMBER

Let M be a compact Riemannian cohomogeneity one manifold with finite Weyl
group W such that the orbit space M/G is isometric to the interval [0,1]. The
manifold M is orientable if and only if the principal orbits are orientable and none
of the non-principal orbits is exceptional and orientable (see [Mo]). In this section
we assume that M is orientable and equipped with a fixed orientation.

Theorem 3.1. The Lefschetz number of 1y, : M — M, k = j|W|/2+1, is

L) = —jx(G/H)/2 if codim Ny and codim N; are both odd,
] x(M) otherwise,

if j is even and

L(y) = {_jX(G/H)/Q if rank G = rank H,

X (No) otherwise,
if j is odd provided that vy, is well-defined in this case.

Proof. We perturb the map vy : M — M to a map with only finitely many fixed
points and compute the Lefschetz number as the sum of fixed point indices. For this
pertubation we use the map Iy : M — M, p — g-p where g € G is a general element,
i.e., the closure of {¢™ |m € Z} is a maximal torus of G. By a classical theorem of
Hopf and Samelson [HS], the restriction of I, to any of the orbits G- p has precisely
X(G/G,) fixed points and each of these fixed points has fixed point index one, i.e.,
det(1 — A) > 0 where A is the derivative of [, at the fixed point (note that our
sign convention is different from that in [HS]). We now consider the composition
lg 01y, for a general element g € G sufficiently close to 1 € G. The equivariant map
1, maps orbits to orbits. It is clear from the construction of v that only finitely
many orbits Vi,...,V,, are mapped to themselves, i.e., 1x(V;) = V;. On each of
these orbits, ¥ is an equivariant diffeomorphism. Hence, the restriction of ¥ to V;
is either the identity or does not have fixed points. The latter property is preserved
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under small perturbations of 1);,. Therefore, the map [, o 9, can only have fixed
points in the orbits V; on which 1 restricts to the identity, and the number of
fixed points in V; is x(V;). Let p be one of these fixed points in the orbit V. In
order to compute the fixed point index at p we need the derivative of [, and 1, at
p. Both derivatives clearly preserve both tangent and normal space to V' at p. The
derivative of 1, is multiplication with k on the normal space and the identity on
the tangent space. The derivative of [, is close to the identity on the normal space
and given by a matrix A with det(1 — A) > 0 on the tangent space by the above
menitoned result of Hopf. Hence, if B denotes the derivative of [, o ¢y, at p then
the fixed point index at p is given by

det(1 — B) = (sgn(1 — k))°dmV = (—ggn j)codimV,

The final step is now to sum these fixed point indices. We first consider the case
where j is even. Then 1 restricts to the identity on both Ny and Nj. Since
has |k — 1| fixed points on ([0, |W]]), we have |k — 1|/|W| -1 = |j|/2 — 1 fixed
points on (]0,1[). These fixed points correspond precisely to the orbits on which
1y restricts to the identity. Hence we get

L(¢h) = L(lg o ¢x) = (= sgn )™ Nox(No) + (= sgn )™ Mo x (Np)
+ (141/2 = 1)(=sgn j) x(G/H).
Now suppose j is odd. Then 1, restricts to the identity on Ny but not on V7. Since
¥y has |k — 1] fixed points on ([0, |W]]), we have |k — 1|/|W|—1/2 = (|j| — 1)/2
fixed points on 7(]0, 1[). Hence,

(s ) (G ).

It is straightforward to simplify these two formulas for L(1)y) using the facts that
the Euler characteristic of an odd dimensional manifold vanishes, that x(M) =
X(No) 4+ x(N1) — x(G/H), and that x(G/H) > 0 implies that rank G = rank H and
hence that all orbits have even dimension. In the case where the codimensions of
both singular orbits are odd one also has to use the fact that x(Ng) = x(N7) since
both fibrations G/H — N; have fibers that are even dimensional spheres. [0 O

L) = Lily 0 ) = (= sgn f)e=tm %oy (V) + 21

The degree of 1y, is the sum of the oriented preimages of a regular value. Since
the two non-principal orbits are mapped to themselves or one to the other we just
need to consider the regular part My of M. In order to determine the correct
orientations we transfer the problem from My to G/H x (R \ Z) by the map

¢:G/HxR— M, (gH,t)— g-v(t).

The restriction of ¢ to each G/H x ¢, {+1[ with £ € Z is a diffeomorphism. We equip
R with the standard orientation and G/H with an orientation such the restriction
of G/Hx]0,1[— M, of ¢ is orientation preserving. This defines a standard product
orientation on G/H X R. For the rest of the paper, however, we will equip each
G/Hx]¢,¢ + 1] with the orientation inherited from My by ¢.

Lemma 3.2. If codim Ny and codim Ny are both odd then all G/Hx¢,¢ + 1]
inherit the standard product orientation from My via ¢.

If codim Ny and codim Ny are both even, only the pieces G/ H x |2¢,20+1[ inherit
the standard product orientation from My via ¢.



SELFMAPS OF COHOMOGENEITY ONE MANIFOLDS 7

If codim Ny is odd and codim Ny is even then only the pieces G/H x |4¢,4¢ 4 1]
and G/Hx |40 — 1,44] inherit the standard product orientation from My via ¢.

If codim Ny is even and codim Ny is odd then only the pieces G/H x |4¢,4¢ 4+ 1]
and G/Hx 40+ 1,40 + 2[ inherit the standard product orientation from My via ¢.

Proof. Let o denote the geodesic reflection along Ny, i.e., oo maps each point g-y(t)
in M ~ Ny to g-~v(—t). This equivariant diffeomorphism of M ~ Ny corresponds
to —id in the normal bundle of the orbit Ny and hence preserves the orientation
of M ~ Nj if and only if codim N7 is even. We have the equivariant commutative
diagram

G/Hx]0,1] D=0 1,0
‘| ‘|
MO -2, MO

Note that the map ]0,1[—]— 1,0[, ¢t — —t reverses the orientation of R. Hence,
G/Hx]—1,0[ inherits the same orientation from My as G/H x ]0,1[ if and only if
o( reverses orientation, i.e., if and only if codim Ny is odd. ([l (Il

Corollary 3.3. If M is orientable and codim Ny and codim Ny do not have the
same parity, then the order |W| of the Weyl group W of M is divisible by 4.

Theorem 3.4. The map b : M — M, k = j|W|/2+ 1 has degree
k if codim Ny and codim Ny are both odd,
deg ¢y, = .
+1  otherwise,
if j is even, and degree

k if codim Ny and codim Ny are both odd,
0  if codim Ny and codim Ny are both even, |W| & 4Z,
—1 if codim Ny is even, codim Ny is odd, and |W| & 8Z,

+1  otherwise,

deg vy =

if j is odd provided that 1y, is well-defined in this case (see Lemma2.1).

Proof. The point vy(7) with 7 = 1/2 is a regular value of the map 1, whose |k
preimages are given by ~(t,,) with

b m|W|+ 1
" k

In order to compute whether the differential of ¢y at y(¢,,) preserves or reverses
orientation we lift ¢y : My — My to the map

Up:G/H xR — G/H xR, (gH,t) — (gH, kt)

, m € Z.

and answer the same question for the differential of 1/~Jj at (eH,t,,) by applying
Lemma 3.2 (note again that we use the orientation on G/H x (R \ Z) induced from
My by ¢). If codim Ny and codim N; are both odd then all pieces G/H x]¢, ¢+ 1]
inherit the standard product orientation. Hence, deg, = k£ and we are done.
Thus assume that codim Ny or codim N; are even. For each preimage p of
~(7) there is precisely one m € Z such that p = v(t,,) and ¢, €]0,|W]|[. We
now have to count how many t,, are contained in each of the intervals |£,¢ + 1]
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for ¢ € {0,1,...,|W| —1}. A simple computation shows that ¢,, €]¢,¢ 4+ 1] is
equivalent to

¥ {—T j {+1—71

=/ <m<=({l+1)+——

5 +|W| m 2(+ ) + i
if 7 > 0, and equivalent to

j {+1—71 j {—T

SUl+)+ ————<m< =/

2( +1)+ W m 5 + W]

if 7 < 0. Suppose first that j is even. For £ > 0 we have % €10,1[ and ZTI}VTT €
]0,1[. Hence there are precisely |j| of the t,, in each interval ¢, ¢+ 1[ and |5+ 1|/2
in the interval ]0,1[. When counted with orientation using Lemma 3.2 the sum of
preimages of y(7) is hence +1 since there are |W/| intervals |¢,¢ + 1[ and |W| is
divisible by 2 if the codimensions of Ny and N; are both even and |W]| is divisible
by 4 if the codimensions of Ny and N; have different parities. Note that in the
case j > 0 there is one point more in the interval ]0,1[ than in the other intervals
and this point has positive orientation, while in the case j < 0 there is one point
less but the orientation of the real line has changed. Suppose now that j is odd.
Then \[_WT €10,3[ if and only if 0 < ¢ < |[W|/2 and [T&,_‘T €10, 2] if and only
if 0 < £ < |W|/2. Using these facts it is straightforward to show that there are
|7 + 1]/2 of the ¢,, in each of the intervals ]¢,¢ + 1[ with ¢ = 0, £ = |W|/2, odd
I < |W|/2, or even I > |W|/2, while there are |j — 1|/2 of the ¢,, in each of the
intervals |¢, ¢ + 1] with even 0 < ! < |W|/2 or odd I > |W|/2. The claimed degrees

follow now by applying Lemma 3.2. g (]

Proof of Corollary 2. Suppose that M has the rational cohomology ring of
Sh xStz x-S <l <. <y,

and that G x M — M is a cohomogeneity one action with rank G = rank H, i.e.,
X(G/H) > 0 where H is a principal isotropy group. By Lemma2.1, M admits
equivariant selfmaps ¢, k = j|W|/2 + 1, with degree k and Lefschetz number
L(¢x) = —jx(G/H) for every even integer j. By Dirichlet’s theorem there are
infinitely many prime numbers in the arithmetic progression k = j|W|/2+1. Hence,
we can assume that k is a prime number. We now inspect the induced map 9} on
the cohomology ring. Let x1,...,z,, be generators of H*(M) with z; € H%(M).
The equation deg vy, = k means ¥} (122 - - Tm) = kT122 - - - Tpy. Since k is a prime
number and [} < ly < ... <, it is clear that

Yp(xj) = kojx; + products of lower dimensional generators
with o; = £1 for precisely one j € {1,...,m} and
Yi(x;) = o;z; + products of lower dimensional generators

with o; = 1 fori € {1,...,m}, i # j. The total number of o; with o; = —1for i €
{1,...,m} must be even. The Lefschetz number L(1)}) is equal to —jx(G/H)/2 by
Theorem 3.1. On the other hand, L(vy) is the alternating trace of ¥* in cohomology.
The simple cohomology ring structure implies

—IX(GIH)/2 = L) = (1+ (—1)5koy) [ (1 + (—1) o).
i#j
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Since we can assume j > 2 and since x(G/H) > 0, we have o; = (—1)% for all i # j
and 0; = —(—1)%. Hence, x(G/H) = 2™~1|{W| and Corollary 2 is proved. O O

4. BASIC EXAMPLES

In this section we present basic examples for all the various cases in Theorem 3.1
and Theorem 3.4.

4.1. Powers of spheres. The standard example of a cohomogeneity one action
on a compact manifold is the action of SO(n) on the sphere S* C R x R™. The
regular orbits are great spheres and the two non-regular orbits are the two fixed
points (£1,0). The equivariant selfmaps are the k-powers of S C R x R™:

(cost,vsint)® = (cos kt, vsin kt).

Our construction in section2 can be seen as a natural extension of the classical
k-powers of spheres to general cohomogeneity one manifolds.

If n is odd then the rank of the principal isotropy group SO(n —1) of the SO(n)-
action on S™ is equal to the rank of SO(n). The Weyl group is isomorphic to Zs
and the non-principal isotropy groups are both equal to SO(n). From Theorem 3.4
we recover the known fact that the degree of the k-power of S™ is k if n is odd, and
0 or 1 if n is even, depending on whether k is even or odd. From Theorem 3.1 we
recover the Lefschetz number (1 — k) if n is odd, and 1 or 2 if n is even, depending
on whether k is even or odd.

It is easy to obtain explicit polynomial formulas for the k-powers of spheres: We
define the functions c¢; and s implicitly by

cr(sin?t), for even k,
cos kt = . 5
ck(sin®t) cost, for odd k
and

et sp(sin®t) costsint, for even k,
sin kt =
sp(sin?t) sint, for odd k.

Applying the binomial formula to cos kt + isin kt = (cost +isint)¥ yields

[1k]/2]
)= > (—1)i<|2kz.|>ri(1 _ ikl

i=0
B [(I%]=1)/2] o k| bty
SCEEICED SR CI W LR

where [a] denotes the largest integer less or equal to a. The k-powers of spheres
S™ C R x R™ are now given by

(z,y)* = (ex(1 — 2?), s1(1 — z*)zy) for even k
and

(z,y)* = (er(1 — 2®)z, 5,(1 — 2°)y) for odd k.

The functions ¢, and s, will appear several times in other examples below. Addi-
tionally, there also appears the function hy(r) = lchk(r) if k is odd. Note that this
function is also polynomial.
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4.2. Selfmaps of degree —1 of CP?***!. An example of a cohomogeneity one
action where the codimensions of the singular orbits have different parity and there
are equivariant maps with degree —1 is given by the standard action of SO(1+m) C
SU(1 +m) on CP™ for odd m. A normal geodesic is given by

~(t) = [cost :isint:0:...:0].

The singular orbit at ¢ = 0 is RP™ = SO(1 + m)/O(m) and the singular isotropy
groups at t = /4 and ¢ = —m /4 are both equal to SO(2)SO(m — 1). The normal
geodesic v is closed with period w. Hence, the Weyl group is the dihedral group
of order 4 and 25 + 1-folding the distance to Ny = RP™ yields a well-defined map
with degree 1 and Lefschetz number m + 1 if j is even and degree —1 and Lefschetz
number 0 if j is odd. Note that reflecting the normal geodesics along the RP™ is
just the involution induced by complex conjugation on C™*!. Note also that for
even m selfmaps of CP"™ with degree —1 cannot exist and this is perfectly matched
by the fact that both singular orbits have even codimensions in this case.

4.3. Two 7-manifolds with selfmaps of arbitrary degree. We now discuss
the spaces M{ = Sp(2) Xgp(1)2 Sp(1) and MJ = SU(3) xy(2) SU(2) where U(2)
acts on SU(2) by conjugation and one of the factors of Sp(1)? acts trivially on
Sp(1) and the other by conjugation. The space M7 is an S3-bundle over S*. Such
bundles are classified by their characteristic homomorphism S* — SO(4). Using
two Cartan embeddings of S* into Sp(2) it is not difficult to see that for M7 this
homomorphism is given by ¢ — Cj, where ¢ is a unit quaternion and C, : H — H
is conjugation by q. In particular, the bundle M{ — S* has a section but is
nontrivial. It is known that M7 is not homotopy equivalent to S* x S* but has the
same cohomology and homotopy groups as S* x S* [JW]. The group Sp(2) acts
from the left on M7 by cohomogeneity one. The principal orbits are diffeomorphic
to CP? = Sp(2)/Sp(1)SO(2) with Euler characteristic 4 and the singular orbits
are both diffeomorphic to S*. We have rank G = rank H. The Weyl group is
isomorphic to Zs. Hence, by Lemma 2.1 there exist equivariant selfmaps v, with
degree ¢, = k and Lefschetz number L(¢) = 2(1 — k) for all integers k. This
example thus illustrates Corollary 2, since 4 = x(G/H) =2 - |W|.

The space MJ is an S-bundle over CP?. The group SU(3) acts fromt the left on
M by cohomogeneity one. The principal orbits are diffeomorphic to SU(3)/T? with
Euler characteristic 6 and the singular orbits are both diffeomorphic to CP?. Since
the bundle MJ — CP? has a section, MJ has the same cohomology and homotopy
groups as S x CP?. Moreover, the corresponding principal SO(3)-bundle over CP?
is the Aloff-Wallach space W17 1- The first Pontrjagin class of this principal bundle is
—3 € H*(CP?) =~ Z [Zi]. Hence, the S*-bundle MJ — CP? has wy = 0 and p; = —3.
By the Dold-Whitney classification [DoWh] it is nontrivial. The Weyl group of the
cohomogeneity one SU(3) action is isomorphic to Zs. Hence, there exist equivariant
selfmaps 1, with degree ¢, = k and Lefschetz number L(vy) = 3(1 — k) for all
integers k in agreement with the homology of MJ.

4.4. The general source of examples. In the examples above we gave con-
crete cohomogeneity one actions on manifolds already constructed by different
methods (homogeneous spaces and twisted products). A vast number of exam-
ples is not of this type. Cohomogeneity one manifolds M with M/G ~ [0,1] can
be (re)constructed from their group diagram: Given a compact Lie group G and
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closed subgroups H C Ky, K1 C G such that Ky/H and K;/H are diffeomorphic
to spheres there is a Riemannian cohomogeneity one manifold such that H is the
generic isotropy group and Ky and K; are adjacent non-principal isotropy groups
along this geodesic. In general, a cohomogeneity one manifold cannot be described
in a more natural way than by its group diagram. Using group diagrams it is easy
to see that there are infinitely many families of cohomogeneity one manifolds that
fulfill the different hypotheses of Theorem 3.1 and Theorem 3.4.

5. SELFMAPS OF IRREDUCIBLE SYMMETRIC SPACES OF COMPACT TYPE

We now apply our construction to the irreducible Riemannian symmetric spaces
of compact type. Cohomogeneity one actions on these spaces were classified by
Kollross [Ko]. Here we are particularly interested in the degree generating cohomo-
geneity one actions. In order to determine these actions from Kollross’ list the main
work is to compute the non-principal isotropy groups (or at least their dimensions).
It turns out that there exist only a couple of degree generating actions on simply
connected irreducible symmetric spaces of compact type, namely, only on spheres
and on simple compact Lie groups. We will present some of these actions and the
induced selfmaps in detail.

5.1. Some basic facts on the classification. In this and the next subsection
we describe some basic aspects of how to determine the degree generating cohomo-
geneity one actions on the irreducible symmetric spaces of compact type. Since the
property “degree generating” just depends on the codimensions of the non-principal
orbits, it suffices to determine the degree generating actions up to orbit equivalence.
Two actions G1 x M7 — My and G5 x My — My are called orbit equivalent if there
is an isometry ® : My — My with (G - p) = G2 - ®(p) for all p € M.

Let G x M — M be a cohomogeneity one action of a connected compact Lie
group G on a compact Riemannian manifold M such that M/G is diffeomorphic
to the interval [0,1]. Let M — M be a covering with finitely many sheets. Then
there exists a connected compact Lie group G that covers G finitely and acts with
cohomogeneity one on M such that the diagram

GxM —— M

l l

GxM — M
commutes (see [Bdl]). There are now two cases: In the first case the two non-

principal orbits in M project to distinct non-principal orbits in M. In the second
case the two non-principal orbits in M project to the same non-principal orbit in
M and the other non-principal orbit in M is exceptional, i.e., its codimension is 1.
In any of the two cases, the G-action on M generates degree if and only if the
G-action on M generates degree.

Clearly, the universal covering space M of an irreducible Riemannian symmetric
space of compact type M is again an irreducible Riemannian symmetric space of
compact type and the covering M — M has finitely many sheets. Hence, it suffices
to determine the degree generating cohomogeneity one actions on the irreducible
Riemannian symmetric spaces of compact type up to coverings. Note, however,
that the Weyl groups of M and M are not necessarily isomorphic.
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The irreducible Riemannian symmetric spaces of compact type split into two
types: A space of type II is a simple compact Lie group G with its biinvariant
metric (unique up to scaling). The identity component of the isometry group of G
is finitely covered by G x G (the first factor acting by left translations, the second
by right translations). Hence, in order to determine the cohomogeneity one actions
on G it suffices to study actions of closed connected subgroups of G x G.

The identity component of the isometry group of a space M of type I is a simple
compact Lie group G (simple in the usual sense that the Lie algebra is simple, i.e.,
has no nontrivial normalizers) and the isotropy group K of a point p € M lies
between the fixed point set of an involutive automorphism of G and its identity
component. If a closed subgroup H of G acts on M ~ G/K with cohomogeneity
one then the action

(HxK)xG—G, (hk)eg=hgk™"

is also of cohomogeneity one. More precisely, the isotropy group of the H-action
on G/K at gK is

Hyx =HNgKg™*
and the isotropy group of the H x K-action on G at g is
(Hx K)g={(h,k)|h € Hyc, k=g 'hg} =~ Hyk.

In particular, the codimension of the H-orbit through gK is equal to the codimen-
sion of the H x K-orbit through g. Hence, the H-action on M = G/K generates
degree if and only if the H x K-action on G generates degree. The Weyl group of
these actions, however, are not necessarily isomorphic.

All in all we see that in order to classify the degree generating cohomogeneity
one actions on the irreducible Riemannian symmetric spaces of compact type up to
equivalence and coverings it suffices to determine for all simple compact Lie groups
G up to coverings the subgroups of G x G that act on G with cohomogeneity one
and two non-principal orbits of odd codimensions.

5.2. Degree generating actions on simple compact Lie groups. Kollross
[Ko] determined for all simple compact Lie groups G (up to covering) all largest
connected subgroups of G x G (up to conjugacy) that act on G with cohomogeneity
one. We omit the lengthy but more or less straightforward computations and
considerations that filter out the degree generating actions from this list and merely
present the result.

We separate the degree generating cohomogeneity one actions on the compact
simple Lie groups in two groups. The first group comprises the following actions:

SU(3) x SU(3) — SU(3), AeB = ABAT,
Sp(2) x Sp(2) x SU(4) — SU(4), (A,B)eC = ACB™*,
SO(2n — 1) x SO(2n — 1) x SO(2n) — SO(2n), (A,B)eC = ACB™!,
Go x Gg x SO(7) — SO(7), (A,B)eC = ACB™".
Note that second action is actually a covering action of the action SO(5) x SO(5) x

SO(6) — SO(6). We list it separately because the formula for the selfmaps of the
matrix group SU(4) turns out to be very simple (see subsection 5.6).
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The remaining degree generating cohomogeneity one actions are given by the
isotropy representations of the symmetric spaces

SU(3) x SU(3)/ASU(3), SU(6)/Sp(3), Eg/Fu,
Sp(2) x Sp(2)/ASp(2), Gz x G2/AGs.
These representations provide homomorphisms
SU(3) — SO(8), Sp(3) — SO(14), F4 — SO(26),
Sp(2) — SO(10), Gg — SO(14)
that yield cohomogeneity one actions on the spheres
ST =80(8)/S0(7), S¥ =80(14)/S0(13), S% =S0(26)/S0(25),
SY =80(10)/S0(9), S' =S0(14)/SO(13).
As explained in 5.1, these actions in turn yield the following cohomogeneity one
actions on simple compact Lie groups:
SU(3) x SO(7) x SO(8) — SO(8),
Sp(3) x SO(13) x SO(14) — SO(14),
F4 x SO(25) x SO(26) — SO(26),
Sp(2) x SO(9) x SO(10) — SO(10),
Gz x SO(13) x SO(14) — SO(14).
Theorem 5.1. The nine actions above are up to coverings and orbit equivalence

the only degree generating cohomogeneity one actions on simple compact Lie groups.

Proof. Determination of all degree generating actions from Kollross’ list [Ko]. O
O

A list of all degree generating cohomogeneity one actions on irreducible Rie-
mannian symmetric spaces of compact type can now easily be obtained using the
constructions in subsection 5.1. In particular, degree generating cohomogeneity one
actions exist on no other irreducible Riemannian symmetric spaces of compact type
than on simple compact Lie groups and spheres up to coverings.

5.3. Selfmaps of spheres. A complete list of degree generating cohomogeneity
one actions on spheres up to orbit equivalence is given in Table 1. The information
about the Weyl groups and the non-principal orbits can be retrieved from the
detailed tables of cohomogeneity one actions on compact rank one symmetric spaces
in [GWZ]. They are also partly computed here in the later subsections.

group acting sphere acted on Weyl group selfmap degrees

SO(2n — 1) St D, 7
SU(3) S7 Dy 3Z+1
Sp(3) St3 Ds 3Z+1

Fu Sk D5 37 +1
Sp(2) S? Dy 47+ 1
Go St3 Dg 6Z + 1

TABLE 1. Degree generating cohomogeneity one actions on spheres.
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Although topologically all spheres admit selfmaps of arbitrary degree only odd
dimensional spheres admit cohomogeneity one selfmaps of degree # —1,0, 1.

5.4. Selfmaps of compact Lie groups. The most natural selfmaps of compact
Lie groups G are the power maps p;, : A — AF. These maps are equivariant with
respect to conjugation. The cohomogeneity of the adjoint action of G is equal to
the rank of G. The power maps pj are determined by their restriction to a maximal
torus 7" C G. Using this fact it is easy to see that the degree of py is k™ and thus
rather few integers can be realized as degrees of power maps.

Our construction provides highly symmetric selfmaps of some compact Lie groups
whose degrees supplement the sparse list of integers provided by the power maps.
For SU(3) we will in particular get a complete list of all possible degrees of selfmaps.

We will work out the geometry of the cohomogeneity one actions on SU(3),
SU(4), SO(2n), and SO(7) and the related selfmaps in detail in the following sub-
sections. For the selfmaps of SU(3), SU(4), SO(2n) we obtain explicit formulas
that are coordinate polynomial in the sense that the entries of the target matrix
are polynomials in the entries of the argument matrix. For the cohomogeneity one
actions on SO(8), SO(10), SO(14), and SO(26) we merely list which integers can
be realized by cohomogeneity one selfmaps. The results are summarized in Table 2.

group acting group acted on Weyl group selfmap degrees
SU(3) SU(3) D,y 2Z +1
Sp(2) x Sp(2) SU(4) Dy 2Z +1
SO(2n —1) x SO(2n — 1) SO(2n) D, 2Z+1
G2 X G2 SO(?) D3 37+ 1
SU(3) x SO(7) SO(8) Dy 6Z + 1
Sp(3) x SO(13) SO(14) Ds 6Z + 1
F4 x SO(25) SO(26) Ds 6Z + 1
Sp(2) x SO(9) SO(10) Dy 8Z +1
Gao x SO(13) SO(14) Dg 12Z +1

TABLE 2. Degree generating cohomogeneity one actions on simple
compact Lie groups.

Note that the final column in Table 2 does not change when we lift the actions
from the special orthogonal groups to the spin groups: For the G x Gs-action
on Spin(7) this is in detail explained in subsection5.8. For all other actions the
order of the Weyl groups double but opposite isotropy groups along a fixed normal
geodesic become equal.

Note also that a cohomogeneity one action on a sphere has the same Weyl group
as the induced action on the special orthogonal group. Nevertheless, only half of
the selfmaps lift from S?"~! to SO(2n) or Spin(2n).

5.5. Selfmaps of SU(3). We consider the cohomogeneity one action
SU(3) x SU(3) — SU(3), (A,B)+— ABA™.

A straightforward computation shows that
cost —sint O)

t :( i 0
’y() 5161t c%st 9
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is a normal geodesic for this action, i.e. passes through all orbits perpendicularly.
This geodesic is closed with period 27. At times ¢ = 0 and ¢ = 7 it passes through
the singular orbit SU(3)/SO(3) that consists of the symmetric matrices in SU(3).
At t = T 4+ 77 it passes through the other singular orbit SU(3)/SU(2) where SU(2)
is embedded in the upper left corner of SU(3). The isotropy group of ¥(t) for all
other times ¢ is SO(2) embedded in the upper left corner of SU(3) in the standard
way. The Weyl group is isomorphic to Dy =~ Zy X Zy. Note that the singular

isotropy groups at t = 5 and ¢ = 37” are not just conjugate but equal.

Theorem 5.2. SU(3) admits selfmaps vy, with degree k and Lefschetz number 0 for
all odd integers k. These selfmaps are equivariant with respect to the SU(3) action
above. An explicit formula is given by

_ o T
ba3z —b: boz—b
Y(B) = s (r)(B + BY) + Lop(r)(B — BT) + 11z (giigfi) (92?52)

b12—b21 b12_b21

where r = 1 — i(traeeB —1)? and sy and cy, are the functions defined in subsec-
tion 4.1. Note that (1 — sg(r))/r is polynomial in .

Proof. The existence of the selfmaps and their properties follow immediately from
Lemma2.1, Theorem 3.1, and Theorem 3.4. In order to determine an explicit for-
mula, let B = (b;¢) be a fixed matrix in SU(3). We want first to solve the equation
B = Ay(t)AT for t € [0,%] and A € SU(3), then to multiply ¢ by an odd integer
k and, finally, to determine B’ = Av(kt)AT. Symbolically, we illustrate this as
follows

B~ (A, t) ~ (A, kt) ~ B'.
We will see that it is not necessary to determine the entries of A explicitly (with all

their ambiguity). We can stop at an intermediate implicit level and then return.
Let A = (z,w,v) with z,w,v € C3. Then B = Av(t)AT becomes

bii = (22 4+ w?) cost + v2,
bi,i+1 = (Zizi+1 + wiwiﬂ) cost + v;Vi41 — V;—1 sint,

bi,i—l = (Z,‘Zi_l + wiwi_l) cost + V;V;i—1 + 171‘4_1 sint

with indices cyclic modulo 3. It is straightforward to see that

cost = i(trace B — 1),
201 sint = bzy — bog,
2'[_)2 sint = b13 — b31,
203sint = by — blg,

<
S8

(22 4 w?) cost + v? =
bas + bsa),
ba1 + b13),
bia + ba1).

(2223 + waws) cost + vouy =

(2321 + wawy) cost + vzvy =

—~ o~ —~

N[= N D=

(2122 + wiws) cost + vive =



16 THOMAS PUTTMANN

‘We obtain

1= (21 +wp) cos(2] + D)t + o]
= (27 + w?)sgj41(sin t) cost + visajy1(sin? t) + v (1 — s9;41(sin? 1))

= b1182j+1(SiI’12 t) + %(1_723 — 532)2 . %lg(im'zt)

and analogous expressions for bys and b33. Note that these are polynomials in the
matrix entries of B since sin®¢ = 1 — 1(trace B — 1)? is a polynomial in trace B
and, e. g., 623 = b31b12 — b11b30, since B € SU(3) Similarly, we obtain polynomial
expressions for the off-diagonal terms of B’ = ¢9;41(B). All in all this leads to the
claimed formula. O O

Corollary 5.3. For everym € N and every odd integer (20+1) there is a coordinate
polynomial selfmap SU(3) — SU(3) of degree 4™(2¢ + 1).

Proof. The maps 1, are defined for odd k and have degree k. The power maps
pi : A AF have degree k2. | O

Lemma 5.4. Let ¢ : SU(3) — SU(3) be any map. Then deg ¢ = 4™ - (odd number)
for some m € N.

Proof. The cohomology ring H*(SU(3);Z) is isomorphic to the cohomology ring
H*(S3xS?;7Z), i.e., to Az, y) with generators x in dimension 3 and y in dimension 5.
If ¢ : SU(3) — SU(3) is any map, we have the commutative diagram

H3(SU3): Z) —2— H3(SU(3): Zs)

Sq2l Sq2J(
H5(SU(3): Zo) —2— HO(SU(3): Z»)

Vertically, the second Steenrod square Sq? yields an isomorphism (see [Bd2], p. 469).
The diagram thus says that ¢*(y) is an even multiple of y if and only if ¢*(z) is
an even multiple of z. Hence, ¢*(zy) is in 4™(2¢ 4+ 1) - zy for some m € N and
leZ. U (Il

Lemma 5.5. We have pj(x) = kx and p;(y) = ky while ¥} (z) = kx and ¥ (y) =
y. Hence, none of the py is homotopic to any of the .

Proof. For py, we refer to [Ho]. It is easy to see that the subgroup SU(2) embedded
in the upper left corner of SU(3) is invariant under v, and 1y, restricts to a selfmap
of SU(2) with degree k. The commutative diagram

H3(SU(3);Z) —2— H3(SU(3):Z)
H3(SU(2);Z2) —£ H3(SU(2):Z)

shows ¢} (z) = kx. Since degt)y = k, the generator zy of H®(SU(3;Z) is mapped
to kxy. Hence, ¥} (y) = y. O O
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5.6. Selfmaps of SU(4). Let Sp(2) be the subgroup of SU(4) defined by the equa-
tion JC' = C'J or, equivalently, by C'+ JCJ = 0 where

We consider the action
Sp(2) x Sp(2) x SU(4) — SU(4), (A,B)eC = ACB™ .
A normal geodesic v : R — SU(4) is given by
it 0 0 0
v(t)=exp(8 0 it 8)-
0 0 0 —it
The isotropy groups at (t) with t # ZZ are given by

A(Sp(1) x Sp(1)) ={((4 %). (4 %)) | A, B 2 x 2-matrices},
at v(0) by
ASp(2) ={((£9),(49)) | A, B, C, D 2 x 2-matrices},
and at y(%5) by
ASp(2) ={((£%).(_5 9)) |4, B, C, D 2 x 2-matrices}.

Theorem 5.6. SU(4) admits selfmaps ¥y, with degree k and Lefschetz number 0 for
all odd integers k. These maps are equivariant with respect to the cohomogeneity
one action by Sp(2) x Sp(2). An explicit formula is given by

Y (C) = %sk(r)(C’ —JCJ) + %ck(r)(C' +JCJ)
where v = 5|C + JCJ|?, |C|* = trace(CTC) and sj, and ¢y are the functions
defined in subsection 4.1.
Proof. The existence of the maps follows immediately from Lemma2.1, Theo-

rem 3.1, and Theorem3.4. The formula can be derived as in the case of SU(3)
or verified by computing ¢y (Ay(t)B~1) = Ay(kt)B~! for A,Be€ Sp(2). O O

Corollary 5.7. For every m € N and every integer ¢ there is a coordinate polyno-
mial selfmap SU(4) — SU(4) of degree 8™(2¢ + 1).

5.7. Selfmaps of SO(n). We consider the action
SO(n —1) x SO(n — 1) x SO(n), (A,B)eC = ACB™!
where SO(n—1) is embedded in the lower right corner of SO(n). A normal geodesic
v : R — SO(n) is given by
cost —sint 0
’y(t) = (s161t c%st (])1)
where 1 denotes the (n —2) x (n — 2) identity matrix. The isotropy groups at ~y(t)
with t # 7Z are given by
A(SO(n — 2)) = {(4, 4) | A € SO(n — 2)},

at (0) by
A(SO(n —1)) = {(4,A)| A € SO(n— 1)},
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and at () by
ASO(m—1) ={(4,(7* 1.0,)A(70* 1.0.))[A€SO(m—1)},.

n—2

Theorem 5.8. SO(n) admits an infinite family of SO(n—1) xSO(n—1)-equivariant
selfmaps Yy, indexed by odd integers k. If n is even, then 1 has degree k. If n is
odd, then vy has degree 1. An explicit formula is given by

ve (2%) =sk(l—a®) (§ §) + el —a?) (94
1—s,(1—a?) (0 0
+ lk—a"’ (0 (17a2)B+ava)
where sy and ¢, are the functions defined in subsection 4.1. Note that (1 — sg(r))/r
is polynomial in 7.

Proof. The existence of the maps and their properties follow immediately from
Lemma 2.1, Theorem 3.1, and Theorem 3.4. The formulas can be derived as in the
case of SU(3) or verified by computing ¢, (Ay(¢t)B~!) = Ay(kt)B~! for A,B €
SO(n —1). O |

Corollary 5.9. For every m € N and every integer ¢ there is a coordinate polyno-
mial selfmap SO(2n) — SO(2n) of degree 2" (20 + 1).

This result is certainly not optimal: SO(4) is diffeomorphic to SO(3) x S and
hence admits selfmaps of arbitrary degree. The universal covering space of SO(6)
is SU(4). This implies that SO(6) does not admit selfmaps of degree 2. We do not
know whether SO(6) admits selfmaps of degree 4.

5.8. Selfmaps of Spin(7) and SO(7). Let H denote the quaternions and O the
octonions. As usual, we represent the octonions by pairs of quaternions with the
multiplication (u1,v1) - (u2,v2) = (urug — D2v1,v2us + v1l2) and the conjugation
(u,v) = (@, —v). Moreover, we identify the imaginary octonions ImQ with R”
by mapping the orthonormal basis (0, 1), (i,0), (0,i), (j,0), (0,j), (k,0), (0,k) of
Im O to the standard basis of R7. The exceptional Lie group Gy is the group of
automorphisms of the octonions. It is a subgroup of SO(7). The action of G2 on
R is transitive on the unit sphere S6. With our conventions the isotropy group of
the first standard basis vector of R7 is the SU(3) C SO(6) in the lower right corner
of SO(7), i.e., the set of matrices in SO(6) that commute with

(sl Y eloXe]
OOO»‘—'OO
[ =leleleY=]
[« ook

-1
0
0
0
0
0

ocooOoOrRO

‘We now consider the action
Gy x Gg x SO(7) — SO(7), (A,B)e(C = ACB™'.

The orbit through the unit element 1 € SO(7) clearly is the subgroup Go C SO(7).
A normal geodesic v : R — SO(7) with v(0) = 1 is given by

1 D(o : 0 0
0D(2) 0 0

y(t) = (0 0 D@t 0 )
0 0 0 D2t

where D(t) = (57 ~3"%) denotes the standard 2 x 2 rotation matrix. Note that

7(t) is the matrix that corresponds to conjugation with (cost, —sint) € S” C O on
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the imaginary octonions and that ~(t) € Gz if and only if ¢ € Z - . Hence the
Weyl group of this cohomogeneity one action is D3. The isotropy groups at 7(t)
are given by

A(SU(3)) ={(A,A)| A e SU(3)}, fort #7- %,
AyGy = {(A, v (—5)Ay(jL3)) | A € Ga}, for t = (%,

3
ASUGE) = {(4,7(—£5)A1(¢5)) | A € SUB)}, for t =T +(F

where S/U\(S) = G2 N O(6) is the Zy-extension of SU(3) in Gy by the matrix
diag(—1,1,-1,1, 1,1, —1).
We see that the isotropy group at ¢ = 7 is a subgroup of the isotropy group at ¢ = 0.
The action of Gy x Gy on SO(7) lifts to the action

Gg x Gy x Spin(7) — Spin(7), (A,B)eC = ACB™'.

The subgroup Go C SO(7) lifts to two copies of Go in Spin(7) (a subgroup and
translated copy). Let 4 be the lift of v through the unit element. Then the isotropy
groups at ¥(t) are given by

A(SU(3)) = {(A, A)| A € SU(3)}, for t £7- T,
ArGy = (A A(~05)A9(j¢5))| A € Go}, for t = 13,

Note that 4 has period 2m. Hence, the Weyl group of the action on Spin(7) is
also D3. The isotropy group at 4(t) equals the isotropy group at (¢t + ).

Theorem 5.10. SO(7) and Spin(7) admit infinite familes of Go X Go-equivariant
selfmaps ¢y indexed by integers of the form k = 3j+1. The maps ¢y, have degree k
and Lefschetz number 0.

Of course, we can compose the maps ¢ with the orientation reversing diffeo-

morphism C +— C~! of SO(7) and obtain maps of degree 35 — 1. Since the rank of

SO(7) is 3 the power maps C +— C™ have degree m?.

Corollary 5.11. All integers except possibly £33+ and £33F2 for £ > 0 appear
as degrees of selfmaps of SO(7) and Spin(7).
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